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A. BASICS OF QCD

31. Introduction of Color

QCD: field theoretical formulation of strong int.
historical definition of strong interactions:

e binding force of nucleons inside nucleus

e force in nucleon-nucleon scattering

interaction distance: d ~ 1 fm
7 — o ~41d? ~ 10 mb

2
interaction strength: V(R) = = ¢

_R
— d
Vi%y

2 2
9s Jelm ~
41 100 41 -

Spin-statistics problem of the quark model

ATT (sz = %) = uw(Du(Du(]) — totally symm. spin
€ decuplet wave funct.
T Fermi statistics: totally antisymm. wave function
(i) ground state # rel. S-wave combination
P-waves — knots — forbidden zones
— larger energy due to uncertainty principle
4 to naive experience
(ii) magnetic moments of nucleons

i =52 |0+ 28]
S-waves ¢ = 0: nucleon moments are built up ad-
ditively from quark moments




3
= N1 > n(@oz()IN)

i=1
due to the spin wave function: [u, = —2u4]
2k 1 8 1
=ZHu— ZHd = — (5T 3 = —3ug for ~
Hp=ZHu — ZHd (3 + 3) P P My R My
T Clebsch—Gordan
4 1 <4+ 2) _ 5
Pn=Ztd = Zhu = 5+ 3 | hd = 21k
3
ratio: Bp _ _2 exp = —1.46
HUn 2

no ¢ # 0 contribution required
effective quark mass:

=5 (-3)=

Qmp 32 de

Hp —

= |m¢l = p9 ~ 330 MeV

Solution: quarks carry 3-valued differentiator so that
symmetric quark model possible

I. Color Hypothesis (Greenberg '64)
Next to flavor charges quarks carry color charges;
each quark appears in exactly 3 colors (red, blue,

green = 1,2,3): ¢ = (q1,92,93)




color transformations: maximal mixing group of the
3 color d.o.f. (# common phase)

qg— ¢ = e_i22=1 O‘k%k q «— SU(3)¢ transformations
— unimodular, unitary 3 x3 matrices
[non-Abelian group]

Gell-Mann matrices: A\, k=1,2,...,8

(3-dim. extension of & in SU(2))

A
)\;2 =)\ = eIk Y unitary: UTU =1

Tra\p =0 = unimodular: Det U = +1
explicit representation:

010 0 —i O
M=|l100 M=|4i 0 O
000 0 0 O
1 0 O 001
M=|l0 -10 M=|0o0o0
0O 0 O 1 00
0 0 —i 000
NX=|100 0 N=1001
i 0 O 010
00 O L (100
MN=|00 —i N=_—"—"—_|01 o0
0 i O 3lo o =2



properties: Tk = 2

[Taa Tb] — ifabcTc [AQ d Igebra]
1
{Taa Tb} — géabjl + dabcTC

1
Tr(TT?) = ~Oab Tr(T%) =0

I'. Color Hypothesis (Gell-Mann '72)

The SU(3)c, symmetry is exact. All physical (free)
states, observables and int. are SU(3), singlets.

(a) quarks as color triplets do not appear as free
particles.
(b) color wave functions:

baryon: —e, .
\{6 Y €ijk> 95 SU(3)¢ singlets
meson: ﬁ%‘
Ex. att (s, =2) = 2
X.: sz2=5) = ﬁeijkui(T)ug’(T)uk(T)
1 _
(s, =4+1) = ﬁ%%(T)Sj(T)
(c) elm. int.: L., = —ejl Ay
Ju = Z Cj’Y,quq = Z Z Cjc’YquQc
fl fl ¢

SU(3)c singlet




The Nonvanishing Values of f;;, and d;;;

(ijk) fiix (ik) d;jx
123 1 118 1/V3
147 } 146 1
156 —% 157 3
246 3 228 1/V3
257 } 247 —3
345 | 256 3
367 —} 338 1/V3
458 V32 344 3
678 V32 35S 3
366 -3
377 —%
448 ~1/2V3
558 —1/2V3
668 —1/2V3
778 ~1/2V3
883 —1/V3




TESTS OF THE COLOR HYPOTHESIS
1.) 79 — 4~ decay

M(7® — yy) = i€ (k1) ey (k2) T (K1, k2; p)

S Lo M TG i) = s RET (R = )
?S [7° = pseudoscalar]
Green’s fct.:
Wv@f/ }g JA = 77 5% 2q c%jg ~ 7% quantum numbers
. §UV Ysu — %Jvkvsd color-summed
M’ ?g

= ok iEIADD) 1 oA ~ (9rRTHY)
properties of A(p?):

(1) A(p? = O) =0 [from pyxdecomposition (52" ;")]

(ii) p? — m2

(793) intermediate multi-particle states = %
— negligible for p2 — 0 [~ 10%]

(iv) p? — oo:

AN~ )S 2
gW<} wd =gy A

N¢e = # colors



dispersion relation for A(p2):

A(p?)
jfm lf_r_L Cauchy: A(0) =0 = fdp2 =
//’ i - \\\ dp2 m%—_ﬁr T
! ‘\ — 2 _|_ 27-‘-7:1400
( AT p2 p2 — m?2
it - cut U
\ =) Re
\\ [ ! f7r 0 e2 5 5
% /,/ O:ﬁ T(m —>’Y’Y)‘|‘4—7T2(Qu—Qd)Nc
o? m73T

Width: | (70 — vv) = (Q7 — Q9)?Ng

3273 f2

w/o color No = 1: ' = 0.868 + 0.065 eV
w/ color No =3: I =7.814+0.60 eV
experimental: [exp = 7.84 = 0.56 eV

2.) ete~ — hadrons
In the quark-parton model the production proba-
bility in ete~ — hadrons is determined by the one

for qq pairs; final-state interactions are negligible
dprod qq N 1 GeV

[

for

— 0 (F — o0).

dhadron




R o(etTe™ — had.) _ Z o(ete™ — qq) _ 3262

o(ete — utp~) o(ete” — ptp~)

fl,c fl
energy prod. q's | R w/o color | R w/ color
q €q
5| <3 GeVv u,d,s | s+s+s=32 2
u,c,t | +3 6 |, 4 _ 10 10
d s b| —1
— 31 > 10 GeVv +b 104111 11
9 9 9 3
Rtot(rrﬁ_rllrlﬂjrﬁ(—rll T lllrj—l—ﬁlTJTTﬁr|—lﬁ1—r | DL AL
o gPue My ) * ORSAY X JADE
f r = FRASCATI o MARK J

x v NOVOSIBIRSK v PLUTO
xSLAC-LBL & TASSO

5[‘ ﬁ} ! - o DASP | -

0I__.IiIJ_ILJ__A__J__I_IALll#glgLLJJi[LJJLlIIL!LIJJ[_

5 10 « 15 20 25 30 35
25882 10534

W (GeV)

§2. Gluon Gauge Fields

In analogy to QED:

II. Color Hypothesis (Nambu '66, Fritzsch+Gell-Mann '72
Leutwyler '73)

Color charges are sources of gauge fields (= gluons)

that build up the strong interaction between quarks.

9




LLagrangian for color triplet:

Lq=q(x)(i@d —mg)q(x) with ¢ = (q1,92,93)
Mg, = Mgy, = Mgz SU(3)c¢ singlet

— invariant w.r.t. global, non-Abelian SU(3), trans-
formations

q(z) — Sq(x) i TF _ A
7(z) — (z)S1 }S =€t (Tk— > )

— not invariant w.r.t. local SU(3), transformati-
ons: ap = ai(x)

Lg— Lq+ q(x) (S71ipS) q(x)

made locally gauge invariant by introducing
8 minimally coupled gluon fields Gf(z) (k=1,...,8)
(gluon matrix G, = GET*)

10y, — 10y — 9sGu = 1Dy,
Lo= §@)GP — mg)g(x) = )i — mg — g5 G (@)]a(x)
with q(z) — S(x)q(x) oy = ag(z)
g(z) — q(x)s—t
Gu(z) — SGuS~t — 258,51
ROT. TRANSL.

10



covar. deriv.: iDg — iD'q' = [i0 — gs.SGS™! — i(8S)S™t] Sq
[8(38_1) = O] = S(i0 — gsG)q = SiDS~1Sq

D — D =58DsS 1 ROTATION

Gluon field Lagrangian:
CUI’|Z G/ﬂ/ — -DI/GIM_DILLGI/ — ayGM_aﬂGy—ng[G'u, Gy]

gauge trf.: G — G, = SG.,S~1  pure rotation

from Gy = i[DM, D] [no observable]
ds

1 1 : :
Lg= —ETT‘GIQM/ = _Z(GZV)Q < gauge invariant:

12 2
T Nno mass term <—|—§mgT7~GM)
consists of: (a) kinetic part = —2(9,Gk — 9,G%)?
(b) trilinear coupling ~ ¢gsGGG
(c) quartic coupling ~ g2GGGG

— self-interaction of gluon fields: color-charged
gluons are sources of gluons (# )

— ¢gs universal, fixed in gauge sector: color charges
quantized

11



Lagrangian I of QCD:
1

L=q(p —mg)qg — ETTG%W
1
= q(i@ — mq)q — ETr(a,,GM — 3,G1)?  Kinet. part
—gsq iq g — g coupling

+igsTr(0OvGy — OuGY) Gy, Gul 3g coupling

2
g .
—I—ESTT[GM,GV]Q 4g coupling
A p B.8 . a B :
o [~ (1) -HE 1
p +1€ p +ie
AL B e E
(p +ie)
al P b,j ab 1
(P—m+ie)y
B3
q a a a
. ~g £7(p-q)"g"+(q-1)e"+(r-p)’e™]
p (all momenta incoming, p+q+r = 0)
Ao Cy

A,a)})\ JjJB"G —igg I}mcfxan [gﬂ,ﬁg'}'dqgadgﬂ?]

. 2 a o
H“R{% —-ig £ [6¥g"-g"g")
. 2 XABXCD  ay 86 ab
- e g £f [g7g"-g%g"]

j A
.4 g 5"

Ao
' A @
_lg (t )cb (7 )ji 12

b.i c,j




33. Feynman Path Integrals

QM: transition ampl. of a particle {zq,tg} — {z,t}:
—iH (t— —iHe —iH
(z, tlzo, to) = (xle™ =0 |zg) = (afe™ ™. |ag)

T1= [ dajla)(ai

-2
—H D L )
(yale ™ Hely1) = (yale™ 2m |yy e~V WLIen it

k2 2 |
~ / dk e 2m(yo|k) (kly1) ~ / Th o=t eti(yr—y1 )k

_ 2
~ /dk exp {—ii <k — m:yz :y1> -+ i;(yg — yl)Q}
€

2m €

_ 2
~ exp {z’m (yQ yl) e} = exp{iTy;pe}

2 €

(z,t|xg, tg) ~ /D:c exp i/dt/L ~ /D:U e
!

transition amplitude = XT &/H\/,\dass' path
sum over all histories Y S = extr.!

(&

with weight e*® a T
i, +

classical path = maximal weight due to extremal
value of action S

13



Functionals: Mapping of numbers on functions

integral functional: F(u) = /d:c’f(a:’,u(a:’))

derivative:
0F(u) . 1 , / / / / /
Su(z) —Ll_l:f(])z/dzc {f[$>u($)—|—€5(33—$)] — f(x', u(x ))}
_of
= x

properties analogous to usual derivatives

T heorem: Green'’s functions are calculable as the
derivative of the action functional (with external
source)

Green’s function:
G(x1,...,xn) =g(0|T{du(x1) - ¢r(xn)}|0)y Heisenberg pic.
= (0|T{o(xz1) - - - p(x,) S} O) interaction pic.
w/o vac. graphs
determine S matrix

action functl.: W(j) = (O|T expi [ d*z{Lint(p)+7$}|0) (int. pic.)

J 0 .
i) a5 DO

free action functional: W(j) = expi [ d*x Lin (%53'((590)) Wo(J)
Wo(5) = (O[T expi [ d*z j(x)¢(x)|0)

- exp{—%fd4:c d4y jlx)Ap(x — y)j(y)}
14

7=0




Path integral representation of field theory:

Minkowski space div. in cubes '

o With edge length ¢ — O;

o = 5 [ d*z ¢(x); L5 e s
Jd*z f(z) =X *fa;

6a(z —y) = €l4504[3
0p(x) = fd4y [_8?;54(51j —y)le(y) = 648&B¢B } 8a5 = %[50[4_1,5 — 5a_1,5]

= =[pat1 — Pa-1] = >[0at1,8 — Sa—1,5198 skew symmetric

def. funct. F(¢) Fl) = Li_r}S/Hd%F > e F(ep)
by cont. integral: / @ / ) B
= [P 7 ([ £ 60

representation of free action functional by a cont. integral

Wo(j) =/ D¢ expi/ d*z(Lo+jo) Lo = 5¢(—8%—m?+ic)¢

free Lagrangian
. 1 .
p— /quba exp [685¢O¢Kaﬁ¢ﬁ + 64]a¢a]

trf. K to main diagonal: K = VI'K'V K’ = diagonal
(K symm. = V orthogonal) ¢/ = V¢

H doo = [[,d¢,, [Det V =1]
Wo(j) = [ T1, do,expi [83¢) Kl ¢, +e4(VJ)a¢’

Fresnel integral: / dx e Pr*tor) — /

Wo(J) ~J Ha \/%e__(V])aTKaal(V])a ~J eXD QJO‘KOzﬁJB} ~Y Wo(J)

[e7e

1 Det K’ = Det K

15



1
if: Kaﬁl = Ap(x —vy) Feynman prop. in position space

Solution:

1
-1 __ 4 1
Koy K5 = bap = Koy X 5K 3 = Z00p

(=07 —m? +ie) Ap(z —y) = dalz — y)= [d*2 {(—35 —m? + i€)da(z — Z)}AF(Z —y)
= da(x —y)
comparison: K,z = (—0% — m? + ie)da(z — y)
Klein—Gordon operator

introduction of full Lagrangian by
W) = expi [ d*e Lint (5585) Wo(i)

W) ~ [Do exp{if d'ale + jo |

~ /Dqs exp{z’ [S+/d4x qu”

solution of QFT traced back to integration

propagator: G(z1,x2) = /qu d(x1)p(z2) expi d%ﬁ//l% e

- / dgy de ¢162 / [ dsaexpic Zﬁ(@s) /

a*l,2

16



path integral:

1.) perturbatively solvable by expansion in coupling
and successive Fresnel integration

2.) for strong coupling numerical integration of in-
tegrals that are defined on space-time-lattices

FERMIONS: incorporation of Pauli principle
Grassmann variables: », anti-comm. c-#'s {n;,n;} =0

YRS

functions: polynomials f(n) = ao + a1n

f(mi,m2) = ao + a1m + azn2 + azmine
[ }

0 0
differentiation: —mn; = J;; — 1 04
om0 4 {8777; 77]} Y

o 0
{ 7 } : O
an;” On;
integration:

z=/ dx f(x) :/ dxr f(x 4+ a) for usual numbers

Grassmann variable: z = /dn f(n) = /dn f(n+¢)

dn (fo+ fin) = /d?? (fo+ fin+ f1{) =

/dn:: multi-dim.: {dn;, dn;} = 0

/®n= {ni,dn;} =0

17



(a) integration = differentiation: /dn f(n) = 83 f(n)
Ui

(b) var. trf.: I'= [dny---dn. g(n) g(n) =+ gim - m
= +qn
n=M¢=m-nm=DetM (1---C: g(n) ~DetM g(¢)
[proof: nin> = (M11¢1 + M12¢2) (M21¢1 + M22(2)
= (M11M>22 — M12M>21)C1(2]

= dny -+ dnp = Det M—1d¢y - dép

Grassmann fields: n; — n(z) cont. with {n(z),n(y)} =0

path integral:

W = /DnF (/d4:1; g<n(m))) :/E[dnx F

Mathews—Salam formulae

e* Z g(ny)]
Yy

/ Dif Dy e 197 ~ Det Q
/Dﬁ Dn nin; e QN QZ_Jl Det Q etc.
fermionic action functional:

Ws = / DG Dip ¢ | e (@) +dn+iy]

Green'’s functions by derivatives w.r.t. sources n(x)
and 7(x)

18



34. Gauge Fixing

action functional: W ~ /DG exp z’/d4w L

integration over infinite regions in which £ does

not change:

® rearrange integration such that o L‘Z
integration regions of physically X

different and gauge-equivalent / auge surface
field configurations are separated = 9 g}
e factorize infinite volume: field He)=0

configs only on gauge surface

-

'-

gauge fixing: F'(G) =0
Note: For all G there is a unique gauge trf. a such that
G — G with F(G) =0
Ex.: QED A, = A}, — O/ F(A) = 0,A*
oAt = 0 = 9,A"—0°N = N = 072(0A")
integration reordering: A(G) /Dm S (F(GY)) =1

in detail: A—1(G) = /dea(l.) [T (Fe(a)

T x,a
with dr,,y = Hurwitz measure of SU(3)
U(a) = e 1" UU(a) = U - a)
= U(d - a) = e~ T (") With (/- a)® = ¢%(d, )
ook
Oay,

hence: dr, = J ' (a)dal - - - da® with J(a) = Det

A
a,=0

fulfills: dr,., = dr

.o/ = d7o [gauge invariant]

19



A(G) = A(GP) is gauge invariant:
A HGP) = | Dr. 5 (F (G™)) /D% F(G") = Aa"HG)
action functional:
W~ /DG A(Q) /Dm 5 (F (GYY) expz/d4x (@)
/DTQ/DGQ A(G®) 6 (F (GY)) expz/d4x L(G)
T SU(3)¢ invariant
— /Dm X /DG A(G)(S(F(G))exm/d% £(G)

~ /DG A(G)é(F(G))expi/d4a; L(G)
integration over gauge surface and gauge orbit or-

thogonalized: [ Dr, ~ const. factorized
infinitesimal: F (G*(z)) = F(G(a:))—l—/d4y Mp(z,y) a(y)+---

gaugelnv

AR = /DTa S(Mpo) ~ /Da §(Mpa) ~ Det M1

A(G) = Det My L _OF (G
Faddeev—Popov determinant E= 50

a=0

EXAMPLES: (G*)f =G} - fachbozC—I— ('9“04 + O(a?)
(i) Lorenz gauge: 0G = f

o (GQ)Z (8,uGa — f ) _fabca'uGb a’ '|' 8 5aba
=0

o g

L [ ey {azéab+gsfabcauau(:c>}ch(x—y)ab(y)

1
M (2,y) = — 0700 + s fancO" G| Sa(z — y)

[OF

non-Abelian: Det M; manifestly gauge field-dependent
Abelian, QED: Det M}, independent of A — ineff,

20



(ii) Axial gauge: nG =0 n?=4+1,0
[temporal/axial/lightcone]
n (G = nG®% — fp.nGlaf + oot
=0 =0
= o [ d%y 64 10 b4z —y) a’(y)

S

M (z,y) = i nd d,p04(x — y)

independent of G — ineffective

Effective Lagrangian: W ~ /Dfields expifdte Loy

Lorenz gauge: phys. results gauge invariant and in-
dependent of f

= average over all f } p(f) = exp%ifd4x Trf2

with weight p ¢ = free gauge parameter

WN/Df p(f)/DG 5(9G— f)Det M; exp z’/d4w c
~ [ DG Det My exp i [d* (L+ Lop)

1
Lop = —ETT((‘)G)Q gauge fixing term

ghosts: Grassmann octet-fields
Det M; ~ / DEDE exp —i / d*z d*y & (x) M&E,(y)

. ~ ) Dc*Dce exp i/d4:v {(8"¢})(Ouca) —I—gsfabc((?“cZ)Gchb}
Cc=,/gsC

~ /DC*DC expz’/d4:v Lrpa
T ghost Lagrangian = 0c¢*Dc

21



ghost fields: fermionic spinless auxiliary fields —
non existing in reality [spin-statistics theorem];
contribute only in loops coupled to gluons.

Full Lagrangian of QCD:

W ~ /ch Dq DG Dc* De expi/d4x Loy
/:’eff = /:,QCD + Lor+ Lrpag
Locp = qg Lagrangian
Lorp = gauge fixing

Lrpa = ghost Lagrangian

LLorenz gauge: axial gauge:
1 1
Laop = —ETT((‘?G)Q Laop = —ETT(nG)Q
for £ - 0

Lrpg =0c (04 gsfG)e Lppg=0

22




35. Asymptotic Freedom

REM. QED: e~ e~ scattering: M = Mg+ M1+ ---

Bornterm:

_ Ao p?)

Radiative corrections:

e

mass correction vertex correction vacuum polarisation

+ C.T.
Elements [asymptotic]:

, 2
1.) electron propagator: G(p) = - {1 + ¢—e2log (_;;)}
j/ 47 (2
. . o Q>
2.) vertex: [ = —ieepy, {1 — fﬂe% log ﬁ + ... }
1T IR part

. e Q>
3.) photon prop.: n,, = —zazf:eﬁ (quqy — 42g,] 109 "

o 2 _ 4ra(Q?
2
@ = a6 [1+ 5, G100 ]

23



SUMMAtioN: e~ @ = e i sl + Tl o

a(p?)

effective electric charge: a(QQ) = > 02
%Zf €% log 2

Screening effect:
o,

N‘# bare charge ‘

ot

oy R

Translation to QCD: quark-quark scattering
M= Mo+ My +---
Bornterm:

i 4

Mo = _ _ Amas(p?) .

9 1
Radiative corrections [generic]:

WW>“<

mass correction Veglex
lQo'{OQQQ/ vacuum polarisation

-‘— :’ \" g
T 24



Elements [asymptotic]:

2
1.) quark propagator: e? — g2(T°T%);; = 2 1625,

2N
3 L 5ZJ Olg N2—1 —p2
Gw(p)—”&?{l‘l‘féhr SN log (F)}

2.) vertex:

e o Q% | N?2-1 1—¢
I_M,ij__ZTijgs'Vu{l_EIOg,ug [f SN +(1—T>N]+(IR)}

3.) gluon propagator: tadpole = 0O
fermion loop: 626]% — g2Tr(TTY) = 2¢259

. g 5 5ab 2
I,uy = —ZgNF [qluqy —dq gﬂy] ? |Og ﬁ
gluon loop:
oo (11 19 , 1—¢ 5 Q2
i = T N0 [F‘W Tap ot o la — dgw) [ 10975
not transverse / gauge dependent
ghost loop:
o 1 1 Q>
I¢ = —i—=N§ | Zquqp + —q°gu | l0g =
n O [6quq T 579 ] g 2

2

G __ .Os ab 5 1-¢ 2
=1, + 1, = ZEN(S (5 + ?> (9uqv — a°guv) 109 e

ghosts transversalize g loop, but gauge dep.

._gﬁ“/—l_(l_g)% __gMP_I_(l_'g)% pg'_gm/—l_(l_g)%
1 7 — 1 7 1779 7
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Sum of all terms:

s |2 13 2
M(qq — qq) = Mo {1 + Z—W [3NF — V- EN] log Q— + (IR)}
T T T
qg-loop g-loop g-vertex
_ 47T045(Q2)
= RE

11N — 2Npas, Q2
12 T ,u

= QS(QQ) = 048(,“2) [1 -

Summation:

]+O(a3)

5 With increasing Q? the
( 2) O‘S(N ) effective color charge vanishes:
as(Q7) = 33— 2N 2 totic freed
14 FOés IogQ asymptotic freedom

[non-Abelian SU(3): Nr < 16]
consequence of non-Abelian

olsA °<>‘ ; gauge boson loops;
|

| contrary to U(1)
| [and all other theories]
} [Politzer '73, Gross &

= ! Wilczek '73; 't Hooft 7]

WY ——

QL ‘\'/(%w R

~ confinement radius

Scale parameter of QCD: quantum theory introdu-
ces a scale into unscaled classical chromodynamics
[for my = O] via renormalization: introduction of
coupling constant at default distance:

as = as(u?) [« exp. determined]

26



Reformulation:

1 1 33 - 2N 33 - 2N
= —— “log 2 + “log Q2
as(Q%)  as(u?) 12«7 ) 127
53312275[}7 Iogﬁ
= as(QQ) — 1om 5 A=t~ 1 fm ~ conf. rad.
(33 — 2Np) log 5\2 = | A ~ 100 — 300 MeV

2
25 (@) < 1071 for Q2 2 2GeVv?
T
= region of ensured perturbation theory

Renormalization group equation:

das :
20900 _ 5 (0,®)  Bla) = % 40(d)
,u 7
. Q2 (@) da, T [ 1 1 ]
lut < ——
Solution: log 12 /s(pﬂ) 5(045) as(u2) as(QQ)
2 _
0s(Q?) = 2ot g = 2> 20F

12

2
1+ BoF log %
RGG det. asymptotic behavior of running cplg.

2 2
higher orders: B(as) = —== [50 + 3% + 520‘_5 ]
_ 153 - 19Np 1 ~ 5033 325
f1 = 2 B2 = 158 [2857 o Vrt o= NF]
31 loglog Q2
s 1 NnND

27
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RENORMALIZATION SCHEMES [n = 4 — 2¢]

fermion propagator: S~1(p) =¢[1 — Z(p)]
S——g o—@—o +...

— 2 2¢ r(e)
5 (p) = 5(477)2 )P o
)26

2(1—e¢)B(2—¢,1—¢)

gz — g95(uf
(uf)2€ [f = arb. cons.] makes action dimensionless!

Sl(p)=zé{1—ﬂ 92 E—Iog(fj2+1+log(47r) ”

Euler constant |
[F(2) =1 g+ O(x)]

multiplicative renormalization: S~1(p) = Z;lsgl(p)

(i) Dyson’s renormalization scheme

o) = for 1 = _p? } 571(p) =#lL ~ S(IIL ~ () + £()]

Solution: Z;* =1-% & [ + log(4m) — vg + 1]
2
~1 _ - gsMOM p
Sk (p)—zé[1+3 T6.2 Iog(uz )]
(MOM = momentum subtraction)

Cplg./charge depends on renormalization scheme

(ii) 't Hooft: Minimal subtraction (MS)

require: f =1

Zlgl removes only 1 pole

2 2
S~ (p) :4 —g 12‘;21] {1—% o [—Iog (M—Z) -|—|09(47T)—7E—|—1]}
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Solution: Z; l—1 2

3 1672 €
S-1(p) = 4 QSQMS | —p°
r (p)=p 1_5@ — 109 7 + log(4m) — v+ 1

(iii) Modified minimal subtraction (MS) Bardeen,...

require: f = exp [—1(log(4m) —yg)|] « rem. trivial constants

_ 4 gz 1 4 g7 —p?
S (p) =¢ |1 — = I 12 95 |1 _jog | 2
2 [ 3 1672 ¢ ]{ 3 167r2[ g<u2

Solution: Zq;l =1 —

) 4 9%i= —p?
SRl(p) :Ié{l ~3 F'\:TSQ [1 — log <M—z)]}

MS « MS: u? « u?exp[—log(4n) + vg]

[ 1672 51
Nirg = p°expy — ~— + —5109(5o QSQMS)}
1672 51
A2 _ = p2exp{ — + =3 109(Bo g2 )}
MS 2 MS
Bo VIS BQ >
Asre = Aursexp {Iog(4g)—’YE}

Bo, B1 independent of ren. scheme (not 3;>2)

ais(Q%) > asns(Q?)
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Quark masses 0

am o
quark self-energy: "‘*E‘TL*‘
€
S(p=m) =m Cp I (1+¢) (47”;%> (3 + 1)
7 m 4e
m=mg+ (¥ =m) pole mass
m(u?) = mo + om MS mass

[only divergence]
€

I AN
5m=mcp%r(1+e)< ”§0> 3
m u

Relation pole mass < MS mass:

m(p?) = m—[Z(F=m) —dm] =m [1 —C’F% <§|Og:1—22+1)]
2

S 3 S
= m[l—CFa—} 1——Cpa—|Og'u—
8 4 T m?2

m(m?) = m [1 — CF—as(mQ)]

T

m(p?) = m(m?) |1-%log L

renormalization group equation:

7 ( (12
2T = —n(as(2)) (i)

(8 . .
vm(as) = — + O(a?) anomalous mass dimension
7T

31



7T
QS(MQ) — >
Bolog %5
= solution: m(u?) = m(m?2) ex 1/M2 dQ*
1
_ <(u?) | Bo
- st
y - 2170
m(p) = mfas(u®)]"o

o m(mQ)[ozs(mz)]_% [RG-invariant]

the effective quark mass
- vanishes.

b

WL
With growing 2 (R — 0)
N

‘\—

P.

P

A
Examples:
bottom quark: m, = 4.8 GeV  my(m?) = 4.2 GeV
my(Mz) = 2.9 GeV
charm quark: me.=1.6 GeV  m(m2) = 1.2 GeV
mc(Mz) = 0.6 GeV
light quarks: mu(l Ge\/2) ~ 5 MeV  Gasser, Leutwyler
[QCD sum rules] my (1 GeV?) ~ 8 MeV

ms(1 GeV?2) ~ 200 MeV
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Higher orders:

m

2
1 _I_ CFozs(;TnQ) _|_ K <Oés(77rn2))

m(m?) =

Gray, Broadhurst, Grafe, Schilcher

Ky ~10.9 Ky~ 12.4 Ke:~ 134

C [Oés(MQ)]
2N D i
m(u?) = m(m?) .
=
T
c(z) = (%;) ’ [1+0.895z 4 1.3712° 4+ 1.9522°|  m, < p < me
25 \ = 2 3
c(x) = (Ex) [1 + 1.014x + 1.3892“ + 1.091x ] me < < my
23 be 2 3
c(z) = (?x> [1+1.1753 4 1.5012° 4+ 0.17252%]  my, < pu < my
c(z) = (gm) ’ [1 +1.389z 4+ 1.793z2 — 0.6834:133] me <

Chetyrkin

Larin, van Ritbergen, Vermaseren
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36. Renormalization Group

Parameters of a field theory [masses, couplings] are
introduced for a certain uz; physical observables are
independent of the particular choice of MQ:

mod. of MQEB corresponding change of parameters
= invariance, formulated as RGEs [+ partial DES]
application: p2-variation moved to Q2-variation by
means of dimensional analysis

= Qz-variation of observables determined

Derivation of RGE:

Ng = # gauge fields

Green's function: GNe/Ve(p) = / N, = # fermion fields

= (O|T {¢(x1)---}|0)pr

amputated Green’s functions:

NGNy,
I—Ng]\% (p) — 5 OG (p)o .
1G5 (pe) [ ] G7<(py)
G (0
Examples:

0.2 — [GO,Q]—l

e 2 ]

Verdex



Theorem of Multiplicative Renormalizability of Gauge Theories

Divergent parts of [''s can be separated as cut-off
dependent factors; the remaining rest [ i is finite
after the introduction of the renormalized coupling
g and well-defined for cut-off — oo; the renormali-
zation constants depend only on the species of the
external legs.

Examples: (i) Fermion Propagator:

1S (p)

E(h) = ~Criir (140 (

—

i
p

-#E;KG:T}I)‘-— 4=

% _1—ch—;r<1+e) (47)° (% -
v [ Qg € 1 oF 2
p 1 Cro-T(1+4¢) (4m) <Z+1 ] 1 - Cpy—log _“—pQ] + O(e,a2)
A (asalu) x MQ
Sp(p) = = ; 1 — Cp—log 2
1
«— Sg(p) e ]_5 for ,LL2 = —p2
—2/2 ~0,2
02 — Z, / 25 (p)
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(ii) Vertex:

T

Sr(p') 9507 vuSr(p) D’ (k) — Sp(p)gsoTT,Sp(p) D' (k)

1/2
1/2 ZyZ “ 1/2 y 1/2
= 2,85 90— | T'TSE () 2, DG (1) 2]
1/2
—1/2 VA “ —1/2 v —1/2
= 2,780 | 950= 0 | T SE(0) 2, D (19 26
P

—2/2 ,—1/2
= gsol), = 2,212 25128

—N¢g/2 —N,/2 NgN, ]
FYN(p; gao, €) = 2572 (gs0, 1) 2, (gs0, )T 3™ (95 g 1)

In gauge theories renormalization constants and gs

are theoretically fixed by 3 Green’s functions [mod.
gauge/ghosts]:

r2%(p? = —p?) = Za(gs0, p)M20(p? = — ) = —guwp® + pupw
%2 (p2 = —p2) = Zy(gs0, W)M22 (P2 = —p?) =p
M32(0% = —p2) = VZaZy T 2(p? = —p2) = gov,
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RGE: The synchronous variation of p and gs(u)

d
leaves theory invariant: ,ud—l‘ =0

0 dgs O Ng 0logZ Ny, 0dlogZ
{M—+Mg G 9% _ Ny 01097y

I_NG’Nw 1 s ; =0
5 ondg. 2" on 5 o }R (s gs(), 1)

0
B function: B(gs) = Na—ﬂgs(gsOaM)

anomalous dimension: v(gs) = 2“8 o9 Z (g0, 1)

0
095

{M% + B(gs)=— — Ngva(gs) — Nw’m(gs)} re™N (p; gs(u), p) = 0

Move p variation to p variation: I'p = ,qu <B>

[D = physical dimension of I g] H
p — e'p:
{0+ e+ D = Nave(9) = Nurae) b T (e'939.(0). ) = 0
ot gs 99 GYG\3Gs Y\ Gs R P, gs\H), ) —
where t = Iog9
L4
0gs(gs,t _ -
o 9D G gt 3:(ot) dy
Solution: ot = |t =/ 504
9s(9s,0) = gs 9 J
97
e differentiation by t: 1 = —— 295
_ o B(gs) Ot
e differentiation by gs:
1 1 893 898 895
0= — + — = B(g ) —5(9)—
B(gs)  B(gs) Ogs 7 T ot
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The most general solution is a function of gs(gs,t)
modified by the special solution determined by the
physical and anomalous dimensions:

rgG’Nw (etp, gs) - rgG’Nw (pa 9s(gs, t))
t - —
exp {Dt — JSdt" |Neve (35(95, 1)) + Nyvw (Gs(gs, ) | }

13 2 o
vG(9s) = (—— + —NF> — 4 ... [Landau gauge]

2 3 41
'Yw(gs) = 0+ --

2
B(gs) - _50%_51 <%) 4 ... with
Js 41 4
Bo = 11— 3Np
> indep. of ren. scheme

B1 = 102—LNp |
(higher orders (5, 33,... depend on ren. scheme)

EFFECTIVE COUPLING

e |lowest order:

| g2 = g2(p?)

% dg’ 1[1 1 _ g2
t:_/ 3 [—_2__2] = 9.9, 1) = 2 92
o bg” 2037 g; 1+ (11 — Np) ghst
1 2
t= —10g Q—
2 e
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e higher orders:

i , i
2(Q2) = (47)° LB log log %
; Bolog% | G5 109 _
_ 1672
with A2 = 2 exp {— 7T2 -+ b1 5 109(Bo 95 )}
50 ds 50

Q2 variation of Green's functions:
v6(g7) = —dgs +--- )

1= (2 -3

5 49690, 1)) = fg e (~d) 3

d
) > = ——log(1 + 2bg?t)
2 _ : 5
g5 (1) = 1+925g§t 2b

b — = —log(1 + 2bg%t)=

(11— 2Np)

162 y,

d
21\ 5h d
Dt log(1+2bg2t)2b Dt 5

= pxe
i (t—o0)

Mz oc QP (log Q)%

Green's functions vary logarithmically with Q2 in
asymptopic free theories.
[— fix point theories: g = ¢* # 0 = Mp x QP Q']
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B. QCD AT SHORT DISTANCES

31. Structure Functions of the Nucleon

Asymptotic freedom:

(i) as small = 0t" approximation: approximately
free particles at short distances/high energies

= PARTON MODEL

(ii) log Q2 dependence through higher orders
[w.l.0.g.: electromagnetic structure functions]

1
E X M(X) = ie? v u—s (X | jul Np)
' q
_i cross section [E = e lab. energy]
Ct 31./
it ) = 41\14E (2 d)sz/% Z<2W)454(p + ¢ — px) | Mx|?
) Wo m <

g=k—-kK ¢>=-Q%><0

1
7 E (2m)*64(p + q — px) | Mx|?
X

62 §
= <@> % D Ty ullay ]y NGl X)X G N (27) *6a(p + g — px)
spins X

N\ /

N WV
=cw lepton tensor =8xW,, hadron tensor

lepton tensor: L., = kuk), + kuk,, — (kK) g — symm. p,v; kK

hadron tensor:

W = — Z > (2m)*6a(p + q — px) N7 X (XL ™ NG
spzns X

— 8i d4£C€ zqa:<N| ]elm(o)’jylm(x) ‘N>

T

spins
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properties of Wyy:

(i) symm. tensor in pu, qu, guv
(i) current cons.: ¢"Wy, = ¢"Wyw = 0 [0Hj5™ = O]
(iii) tensor real («— hermiticity of elm. current)
decomposition in invariants:

general basis: g _Qudy,  PpPv_Ppdv + PvQu  quv
Q,uCZV Dq

Py — ¢ pq] [ q
(U VNS v YU 5
q° q°

—uv ‘I‘

quqv rq bq
Wr:Wl[ g7, ]+W2 [pr‘q“q—z] [p”‘q”q?]

W,; = Lorentz scalar structure functions

variables: (i) electron state characterized by energy
and scattering angle
(i) inv.: Q% = —¢® = 4EFE'sin? Y scattering angle
v =pq = M(E—FE") energy loss in e sector

range: Q% >0

2 2 2 2
v>0 M=+ 2pqg+q° > M* = 2v > Q

} (p+ q)? = W? > M? (at least NV in final state)
= elastic

(iii) scaling variables:

2
Bjorken variable x = g— 0<x<1
14
rel. energy loss y = % O0<y<1
p

structure fct.: Fy(z, Q%) = Wy(v, Q)
Fr(x,Q%) = vWa (v, Q%)
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Cross section in high-energy limit:

d?o . Ao
dxdy N Q4

sen' (1 = ) oz, Q%) 4 v Fy (2, Q%))

interpretation of structure functions:

essence of eN — €'+ evth. is v* + N — evth.
total absorption cxn of virt. photons
wave function of virt. space-like photons:

1% 2 V2
qu = M;O’O’ Q +W in lab. frame

1
— transv. pol.: ¢,(+) = —(O 1,+7,0)

Slieons

normalization: el :|:5w €iq =0 €ler = -1 e% = +1

long. pol.: ¢,(L) =

X cxn v* + N — everything

(YN & Y M Nl XN X[ A€ (2m)*5a(p + q — px)
X

o €H W €e”

X

§ W
transv. cxn: o = /W, el =W1 =F; >0
[Pelm : O — 00— — %O-T]
2
long. cxn: o = ¢/ Wye, = W1+ (@ + MQ) Ws >0
1
— —h+ —F
(Q*>M?) 2x
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r=2L R:(’/—Q+M2)M—1
R ratio:

Experimental results:

1.) Bjorken scaling:

vWo (v, Q?) = Fa(z, Q%) ~ Fo(x)

Wl(Va QQ) — Fl(xaQQ) E; Fl(aj)

Bjorken limit: Q? large
x fixed

scaling most pronounced for x ~ 0.25
r S 0.25 : Fr(x,Q2) slightly increasing with Q2
z 2 0.25: F»r(z,Q?) slightly decreasing with Q2
small log. violation of scaling predicted by QCD

2.) R ratio: R(z,Q3) = Fz(wgm;féii(x)

for large Q2: R — 0, i.e.long. abs. cxn vanishes:

Callan—Gross relation: Fr = 2z Fq

3.) neutron/proton ratio:

FYN (x)/F{ (x) decreases from value 1 at z =0
down to a value % % for z = 1.
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Classical quark-parton model

basis:
e 4+ pt-like — e 4+ pt-like eN — eN eN — e 4+ evth.
doPt 1 doc! 1 do 1
dQ Q dQ Q dQ Q
doPt [ M*\? doPt
Q2 <Q4> A2

scaling Fo(z, Q%) ~ Fy(z) = for Q2 — oo the inclu-
sive cxn behaves analogous to point-like cxn [Q2
decrease slower by 8 orders than elastic nucleon
cxn]

32. Parton model of deep inelastic lepton-nucleon
scattering

In quark picture at high resolution the reaction is
built up by superposition of scattering processes off
quark constituents: modeling in parton model.

REMARKS

(i) For large Q2 the superposition is incoherent: do = Zdaq
d37 :

classical:  f=>fi fi= o e TV (F — )
3 s
1
— T e U ’FYVC(F/)

2T
= Tife

2 45
do =dop|) e "7
)

J=Ffc




(a) |qI™t > || : do = N?dogr
coherent superposition of elem. processes at small Q2

(b) |g7 < |7 : Ze‘ii(ﬁ—ﬁ) — Z 1+ Ze—ii(ﬁ—ﬁ)

ij i=j i

contributions interfer to zero
do = Ndogr

incoherent superposition of elem. processes at large Q2

(ii) probabilistic picture: /2
“splitting” of a particle 1 into two 7——>
constituents 2 and 3 for large P \
3
m2
P1= (P—I- —1;OL7P)
2P 3-momentum conservation
2 k2 .
Dy = ‘x|P_|_Tn2—_|_J-;kJ_,xP energy jump
2|z|P
m2 + k2
= (|1—zP S L. k., (1—2)P
p3 <\ | +2|1—:1:|P 1, (1 —2) )

Solution of Born series before introduction of time ordering

Sy = lim_(fU(t, ~o0)li) = lim Ut —o0);;
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t
U(t,—o0)y = (5f7;-|-(—i)/ dt1Vyi(t1)

+(—i)2/ dtl/ dtQvan(tl)vm(tz)_|_...

= 4+ (— z)/ dtieFr E>t1V

(= 1)2/ dtl/ dtQZ z(Ef—En)tl+i(En—Ei)t2anVm_|_“.

E; — Ey + ie
an Vnz
lim —< = Zlim [ dt1’EEN = _onis(E — E)

t—oo B — B +ie i t—oo

—00

Spi =0y — 2mid(Ey — E;) {sz- +>° = —fE — 4. }

“old-fashioned perturbation theory”
AE=FE —(BE+E3) =P —|z|-|1l—z|]) forz<O0and z>1: AE~P

1 2 k2 2 k2
= — mf—m2+l—m3+L forO<z<1l: AE~ P71
2P T l1—=x
leading
e L. 1 P _
= lifetime 77, ~ ~ —— Very long in eP-c.m.s.
AE (k1)

[x < 0,2 > 1: one of the daughter particles moves backward]
= For fast moving particles the splitting dominates that ma-
kes the daughter particles adopt an energy/momentum frac-
tion z with 0 < x < 1 parallel to the mother particle.
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Quark-Parton Model:

(i) In fast moving coordinate systems a nucleon
can be split into interaction-free parallel partons
that scatter leptons incoherently.

(ii) Partons can be identified with point-like quarks.

>~ > Feynman

£
/ i
’E‘ . C? Bjorken, Pachos

Deep Inelastic Lepton-Nucleon Scattering

Lorentz invariance
point-like lepton current

spin 1 exchange =

do_elm 471.0{2 m eLm

dxdy - Q4 5 {(1 - y)Ffl (z,Q%) + nypll (z, QQ)}

dOCVC/D G2s e .

dedy o {(1 ~ P FY(2,Q%) + yPx Py (z,Q%)
:|:1 - (1 —y)?

zFY7 (x, QQ)}

F; = Fj(x, Q%) elm. and weak structure functions
transverse: Fpr = Fj

F
longitudinal: F, = F> —2xF; R = L

2xFr
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Quark-Parton Picture:

interaction time:

incoherent

/ L' 0 3 Q2
{ = v =1pq = P(q +q)=£
b
M %6 ' @P=—("?+ (%)
g Cﬁ 0 Q2
\_/____, AE" = —q = zP — ~ xP (z > 0)
4z P
1 3
Tint ™~ aj_P
p > | Tint << TL
TL ~ ——5C
(k%) |
— quarks real in short distance processes
quark-parton cross sections:
v ' do4 1 4 2 2 G2 .
vud — (U e 1 LAY Gry s. Gk
< = dcosl, 25, \ V2 8m T
_ _ §p =0 _ P9 _ P €2(1 — cos )
}m w J pk IMF pk CM 2¢2
 SE 1
q’ﬁ yza(l—cose*)
V/v d do? _ G254 I/MCi—> pwu LL
dy T v,d— putu  RR
= +d 7 q do* 2 2
V,u — ~ (14 cosf,) ~ (1—
[T I S oSt (1+ ) ~(1—y)
S A no backw. scatt.: RL, LR (vq)
dod _ G%S*(l B y)2
dy
do1 2rwale?
eq — eq| both helicities = Tse [1 4+ (1 —y)?
q — €q . or 1+ A=)
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Composition:

IMF: CM(2,N)
Breit-frame: ¢ = (0;0,0, q)
etc.

fq(§)d¢ = # of quarks ¢ in mom. interval d§ around &: p, = &P

. do? (s* = £5) Q>
- dy Z / de 1,() 5 (x _ 5)

Q> _ Q>
> 52—% 3
1 elasticity condition: (p, + ¢)? = p?
2
—Q2—|—2qpq—O:>Q— 1
2y,
do4(sx = xs) | Bjorken-variable determines
_ qu( ) the relative momentum of
y the scattered quark: £ =«
~ do GFS 5 _
v dody {:Ud(a:) + (1 —y) xu(:c)}
— dU GFS 2
7 dody {(1 —y)zu(z) + :cd(:c)}
 do 27704 s 5
© dzdy Xqie @[ -7
Analysis:

F;(z,Q?) independent of Q?: scaling

F> = 2xF4 Callan—Gross relation

Fsm =Y elafy(z) F¥=22(d+u) «F§=+2z(d-u)
! Fy =2z(u+d) aFY=—2z(u—d)
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Physical interpretation:

1.) Callan—Gross relation measures quark spin = %

= <¢=—-

Breit frame ¢ = (O; 0,0,q): current gvy,q chirally conserved
massless parallel quarks
AS,=1=S.(v*)=1,%0
= or#0,0,=0=R="£=0

oT

[spinless partons: o = 0,07, 70 = R = oco4]

2.) valence quarks: f = v+s  v(z) valence distribution

‘ 1
S /d:cvd=1
0

xS 1
/ dx v, = 2
0

B u(x) ~ 27 12(1 — 2)3
A

s(x) div. sea quarks from quantum fluct.

1
/ dx s(x) ~ loge

s(z) ~z7 (1 —2)" 1% ~0 forz 2 0.2

fractionized electric quark charge:

valence region 2 9 2 9 2

1
NZE(P_I_N) Fé’mQxd_l_u

4 d 1d 5
nuclear target Felm%CC[ u+ 4= +u = —z(u+d)

= z(u + d)

elm ~ v
F 8F2
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3.) 3 quarks in nucleon

G2s (1 d 1
nuclear target o~ ok / P + oo Lo
val. dominance T Jo )
1 G2 d
oy — FS/ dx :cu+ T spin: quarks
3 7T 0

no antiquarks

1
sum rules: baryon number 1=/ dx%[(u—a)+(d—c7)+(s—§)]
0
(“exact™) ) 1 ) )
isospin i§:/0 dx [E(u—u)—a(d—d)}
1
strangeness 0:/ dz (s —3)
0

1 1 1
solution proton: / dr (u—u) =2 / dr (d—d) =1 / dr (s—5) =0
0 0 0

1 1 1
nucleartarget:/ dngzf dzx [d+u—a—c7]:/ dz |(u—1u)+ (d—d)]
0 0 0

1
Gross—Llewellyn-Smith: /o dr F3 =3

1 1
4.) momentum sum rule: 1 = Z/O de gfq(§)+/o de ££,(6)
4,9

flévor-neutral matter: T

binding energy
1
1
dg £fq(&) =~ >

measurement: /
0

50% of the nucleon energy in fast moving particles
is carried by flavor-neutral binding energy: GLUONS
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§3. Scaling Violation: Altarelli—Parisi Equations

(DGLAP)
idea: parton-quarks are surrounded by a gluon cloud inside
nucleon;
(((O”\ at sufficiently large Q2 more and more
1 Eu:_) quantum fluctuations are resolved
g = momentum spectra of quarks and
gluons vary with Q—!: microscopic parton
4 distributions are Q?-dependent.

splitting probability:

ete” —putpy F PN f” r'*{//”
i )
& _4 \\\

/ <N
/p" xlg—fi z = L;
$L=a%\/(1—x1)(1—x2)(1—z)=—

1 d?%c o xl + x2
oo dzcldzcg 27 (1 —x1)(1 — z2)

log 22 ~ log(1l — 1)

dlogp? ~ iz
1l -z
r1t+x2+2=2
Fragmentation: zo ~ 1 — 2 }»-CH:)
dazao/QQdZLal_l_(l_z)de T
pT 27 z }ﬁ(.l)

cxn = p-pair cxn * particle flux (u — py) ‘g&_)

increase of particle flux at Q% — Q? + §Q?:

ON(p—py) _ a1+ (1 =2)2, 53
= z
5 log Q2 27 z




quark fragmentation: color average/sum :\*
Z in Lk = ¥

&
ON s(Q?
QCD splitting probabilities: ——— = s(Q )P(:c)d:c
5log & Ve 27
g+ a(2) _ 414+ @ —-2)° premsstrahl-
1 9 T sing. £ — O
— X 2
4 1+4+=x bremsstrahl-
qg—q(z)+g J | qu:g 1 sin 1
sercrm — T g. x
9 al@)+4 { Py = Pgg = = [w2+(1—:c)2] finite
— g(z) + [1 —x + x?]° bremsstrahl-
g g J (1l —2x) sing.  — 0,1

Altarelli—Parisi master equations for parton densities:

F N\

T i z. 02 0. (02
P EEE A aaql(oégz)= (Q)/ dy/ dz §1(x — y2) { Pu(¥)a(z, Q%)

Q? — Q% +45Q? 1 + Py (1)9(2,Q%) }
2
—asgff )/O dy' Py(y)q(z, Q)

1 1 1 1
/ dy' Py (y)q(z, Q%) = / dy/ dzd1(z — y2)d(y — 1) [/ dy' qq(y/)] q(z, Q%)
0 0 0 0
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00w @) [* [
c’;]logQQ T T on /Ody/O dz 61(x — y2) { Pa(w)a(z, Q%)
+ Py (y)g(z, QQ)}

xT 2 O 2 ' '
09(x, Q) _ ;ff ) / dy / dz alcn—yz){qu<y>2[q<z,c22>+c7<z,@2>1
0 0 fl

olog Q?
+PE(y)g(,Q%)}

1
Pq};(y) - qu(y)—5(y—1)/ dy’ qq(y/)
0

1 1
ng(y) = Py(y) —6(y—1) [%/ dy' Pyg(y') + NF/ dy' qg(y’)]
0 0

127

2 p—
() (33— 2Np) log &

partial disentanglement: § = ¢ — ¢’ non-singlet
=) (¢+ 7
£l

} coupled singlet set
g

SOLUTIONS:

n > 1 N—1 2
transition to moments: q(N, Q%) :/o dr x qg(x, Q%)

transforms integro-differential system of equations

into system of usual differential equations.
log Q2

log Q3
[Qo = reference momentum transfer]

[for fixed coupling constant ¢t = log Q2 would be the natural

natural variable: s = log

variable]
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1.) Non-singlet density:

9 6 .
— 3N 2 = d N_lpR O(N 2
SAW.Q) = o [y RN, Q)
N
6 41 1 1 1 _
I=5 503 ‘§+m‘22} = ety
P
0
50N Q%) = —dns(N)S(N, Q) = 6 = doe ™™
S
2 >y [log @217
S(N,Q%) = 8§(N,Q73) 09 02
109 &5 «— log. violation of
) Bjorken scalin
2 OZS(QQ) s : °
:5(N7 QO) 2
_QS(QO)

interpretation:

log Q2] -

(i) asymptotic freedom = 5
log Q3

Q21

fixed coupling = |—
Q2

0

(ii) dys(IN = 1) = 0: net quark # unchanged
dyvs(N > 1) > 0: moments decrease with 4 1 X

increasing Q2

(iii) moment comparison: test of anomalous dimensions

QQ—dependence of structure functions
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100F

iy
X_ﬂ;

g ﬁ

l_\ = 3

Y .

L

\E: i

by | Bild 19-7

e, Die Momente der Strukturfunktion F:f”m,

7 gemessen in Neutrino-Eisen-Strevung
T (nach de Groot 1979)
100 GeV?
0

i 1,29

0,01,

E/I'_"

Bild 19-8

Logarithmen von Momenten
der Strukturfunktion Fy
gegeneinander aufgetragen.
Die QCD-Vorhersagen sind
gerade Linien mit berechen-
barem Anstieg, wie angegeben
- {nach Bosetti 1978).

0,01

In M(n.Q

0,001

ln ﬁf(m.GZJ—«- 57



2.) Quark singlet and gluon densities:

0 2 dQQ dQG 2 . 2
el — with >~ = >X(N etc.
6 1
_ N—-1pR
N
4 2 1] _
~ 332Ny ll‘m“;}] =)
]:
1
_ 6 N-1 _ __ O6Nr N+ N +2
dac(N) = —35— 2NF/ Wy 2N P ) = S N NV DV + 2)
1
6 No1 _ 8 N2+ N+2
dao(N) = 33N QNF/ dy vy Py(y) = 33 —2Np (N —1)N(N + 1)
6 1
_ N-1pR
dag(N) = 33 an. 2NF/ dy y" P, (y)
N
__ 9 Jr 4 4 ly2
_33—2NF{3 N(N -1) (N+1)(N+2)+4Z;j+ 9 }
J:

solution of the systems via exponential ansatz =

1
2 = {[—M—ZO + Go]e_d+s + [p+3Z0 — Go]e_d’s}
H+ — -

1
G = f,u {M+[—M—ZO + Gole ™ + p_[uy o — GO]e_d*S}

. . 1
eigenvalues: a.(v) = [(dGG + do) = /(e — dog) + 4dQGdGQ}

eigenvectors: ,.(n) = did_&
QG

_ ldee —dgg =+ \/(dGG — dpg)? + 4dgadag
2 doc
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PHYSICAL CONCLUSIONS:
(a) momentum sum rule:

d—(2) =0 }2(2) 4+ G(2) = 1 follows from So(2)+Go(2) = 1
py(2) = —1
(b) asymptotic momentum distribution:
1 3Np 3
>(2) — = = — for Np =4
L(2) =0 } p_(2) —pye(2)  164+3Np 7
ur(2) = —1 G(2) — 1-(2) = 16 _ for Np = 4

n_(2) —ps(2) 16 4+3Np 7

(c) measurement of all gluon moments:

deep inelastic ¢N scatt.: no dir. poss. to meas. gluon density.

indirect: @ momentum sum rule: G(2,Q3) =1 —3(2,Q3)
e modifies strength of X (N, Q?)-variation with Q2
through buildup of sea density.
o [G — QQ splitting into heavy quarks]

5 . 5
F5(2,Q2) = 1—8x[u+ﬁ+d+d] w.l.o.g. = E:J;Z(ag,QQ)

5

F5(N-1,Q%) = =W, Q2)
. —dys —d_s —dys _ ,—d_s
_ 5 ] —H-¢ + pye (N, Q2) 4 € ° G, Q2)
13 pt — H— e f — M
FS(N —1,0%) = F{(N — 1,Q2) + 2% v, @2)
An(s) 2 ! 2 T An(s) 0

Left side determined as straight line in By(s)/An(s) with G

density as slope
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| A x = 5] O
- . &g :
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: ’} [ 2 @ ] g % B :
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- ° " x g8 7 = =
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: i = < . R -
o R T 3 0
8 B - 2 7
Q
=
= <
= R
2 _ 2 2 _ 2
Q2. =1GeV Q% =4GeV
i Q% =20GeV? i Q% =20GeV?
u 77 xg _E 7 xg _
>, 5 NLoMs) , NLO(MS)

Q%= 7GeV? Q%= 7GeV?
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34. Factorization Theorems of QCD

QCD corrections to deep inelastic ¢N scattering:

DIMENSIONAL REGULARIZATION

idea: analytical continuation 4-dim. — n-dim. [n = 4 — 2¢]

d*k B d"k

(2m)* (2m)n
divergent integral: /d4k d"k 1 .
. > X p— _
J J k4 k4 n—4 ¢

= UV singularities as poles for ¢ — 0+
[gauge invariance preserved]

Feynman parametrization

@ simpler treatment of integrals
/ q2[(q _p)2 — m?2] with one denominator
1 do __ 1 ll_i]_i
AB  Jo [Az+B(1-2)]2 A—-B|A B| AB
1 1 61(x+y—1)
=/ d:c/ dy
0 0 [Az + By]?
1 1 61(>Xz; — 1)
:r(N)/ dxrq---dry
IJ_V[ " 0 [ A )N
1
1=1

more formulae through differentiation by A;
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Basic integrals of dimensional regularization:
()/ a R G A G ).
(27 )”[k2+2kQ M2]e T (a)(4m)"? [Q2 4 M2]°3
M?2 = M? —je
I_(a:)w% for x — 0O

hence derivable by differentiation:

d"k JH _i(—1)et? (a _ _) o
m)" [k +2kQ — M]* — T(a)(4m)"/? [Q2 + M?]*"3

d"k kMK (-1 M (o—3) 0rQY
m)" [k +2kQ — M?]* T (a)(4m)"/ | [Q2 + M?]°~5

r (a —-1- g) g
Q2+ MR 2
22 T ()=

surface of n-dim. sphere: Q, = —
r(z) r@)=@-1)!

o0 n
[from {/ dx emQ} calculated in cartesian and spherical coordinates]
— 00

Proof (x):
/d”k—/ dko/ dw W" /dQn_l
1,(Q) = d"k d"k 1

(2n )”[k2+2kQ NP Grey | (2m) I — (Q2 1 M)
2r~1/2 dw w2
= (@myar (i1 / o / 2 —o? — (@2 + M)

. ey (@) (y)
Euler function: B(z,y) = 2 dt t2* Y14+ ¢2) vy = 2 2
u uncti (z,vy) /O (1 +t%) TCET

2 (oamrg) (¥ (D
(4m)n/2y/ml () Jq [Q2 + M2 — k2]**%

_ i T(a—3)
M(a)(4m)"/2 Q2 + M2]*~5

In(Q) =

g.e.d.
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Clifford algebra in n dimensions:

{y*,~7} = 2gM71 [1 = 4-dim. unit-matrix]

possible in n dimensions

= Tryt~yY = 4gH¥

Yy =gl =n

Y dyy = 2alyu— dyFy, = (2 —-n) 4 etc.
up to anomalies ~v5 can } {v*,v5} =0
be treated as usual

deep inelastic YN scattering:

'{.
/ 2pq  2pq ° 2z

q=p —p+rsg

parton tensor:

W= P02 [~ + LL] + 2R (v + L) (v + L)

Q? 2z
v QQ A = _ Q2 FL 2 2
p“quu—4—ZQ 2z — I :4—222_,2 fl(ZQ)—Fl(ZQ)Q
F-
) 37 oe féL(Z#QQ)___Eiéiig_z
— "W = (1 —6)—— Fr 2z
z

2z
1

structure functions: F;(z, Q%) = Ze?/ dydz Fi(z,Q2?) q(y, Q?) §(x—yz)

q,q 0

1.) Born term: M¥% , = —ieeyd;;u(p’ )y u(p)

dPS1(p+q;p')
8mog

Wf(y) — Z M%OM*V

63



1-particle phase space:

dPS1(p+a;p) = e d;n__li 5(2m)"6(p4q—p') = 27d"p'Sn(p4q—p) 34 ()
=2m5 [(p+a)°] = @m ~2)

Wiy = ;2 T ) 5 o 6= 2)

= \Fro=0 Fir0=F2r0=06(1—2)

2

oo = 2maeg

2.) QCD corrections:
(i) virtual corrections:

5 !
>—Uq‘ + >—-‘c“ = 0 [partons massless]
4 v 4 fjig

since: K L 0 "k - (")
. — X —
(2m)" (k%) (2m)" k2(k + p)? €

for e < 0 [analyt. cont.]

0

My = i6(—1)4eeq§§(TaTa)ij *
% u(p)/ e waant Gl L u(p)
(2m)" k2(k+p)?(k+p')?

dimensionless coupling: g2 = g2u**

dPS1(p+ q;p")
8mog

W"[; — Z 2Re M ./\/l*y
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= 5.7?[,,‘/ =0
Foy = 6F1v = i2Crg? { (34 2¢)Bo(g; 0,0) — 2Q°Co(p,p';0,0,0) } 6(1 — 2)

e pl
d"k 1 M 412
Bo(g;0,0) = p* =3 () ( il )/ de =€ (1 —z) ¢
J O

Cm" Rk+¢?  (4m2\ Q2
B 21—
=B(l—-¢1—¢) = 220
T4 21 —o) (4mp?\" 1
G2 T(A=—20\ Q2 ) «(1-20
Gamma function: (1 4+ ¢) = exp {—vEe + Z (_;)Zg(i)ei}
=2 !
T T
Euler const. Riemann’s Zeta fct.
2
g = 0.577215... ((2) = %

¢(3) = 1.202056. ..
4

S T(14+OM(1—e) =1+ e2¢(2) +O(eH) c(4) = g—o etc.

| i T(l—e) [4mp?\ /1
Bo(q; 0,0) = (477)2“1_26)( 02 ) (;+2) + O(e)

d"k 1
(2m)™ k2(k + p)2(k +p')?

T(1+e) (4np?\° [7 1o 1 i
:_z(4w)2Q2 ( 02 ) /o dedy y~ 1z 17¢ (1 — )

Co(p,p; 0,0,0) = pu°°

\ - g

divergent for Z> 0(n<4)

convergent for e < 0 (n > 4)
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1
B B
analytical continuation: / dz z$—1(1_z)y—1 = B(z,y) = (z) (y)

0 T Tzt y)

Infrared and collinear sing. are regularized for n > 4 (e < 0)

by analytical continuation.

1 4. _T(=er(@) 1

S A ey s wi
1 1. . _MT(=ar(1—e 121 -—¢)
/Od“jl (1-2)"= F(1—2¢)  er(l—2¢

Co(p,p’;0,0,0)= —

r(1 +e)M2(1 —e¢) <47w2)6 1

~ 1R, COLL
"(4m)202 T (1 — 2¢) 2

i (1—¢) [4rm 1
= G (1= 20) ( : ) [‘:2 - “2)] +0(e)

renormalization: m = 0= m =20

6 aal foV 43 Ward-identity: 71 = Z5
Mer = MLO{ 22 71 1} photon propagator: Z3 =1

= M’“CLT =0 no renormalization after adding all diagrams

as T(1—¢) [ 4ru [ 2 3
§Foy =0F 1y = Cr— —— ———=8-2¢(2)| (1 —
2,V 1LV = F27T|_(1—26)( ) 5 ¢(2)[ (1 - =)

§FrLy =0

Infrared divergences will be subtracted by adding the real

gluon radiation.
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(ii) real corrections:

¥ % g s=(p+ Q)2
S gk\ qt=@”my}¢s+t+u=f
? T A =G
1 9 0
MM 23( 1) equs ’L_L(p/) {,.ya(ﬁ/_|_ %)7“ _|_ Vu(ﬂ_ %),ya} u(p) *
(P’ + k)2 (p— k)2 “
S W dPS2(p+q; P, k)
Wvuq - E/ZMZLMCJ 8100
dn—lp/ dn_lk

dPS>(p+q;p', k) = (2m)"6n(p+q—p' —k)
d"1k

~ (27)"—22k0

(2m)n—12p/0 (27)n—120
d"p'51 (p"2)on(p+q—p — k)

|k 2d k] dS2-1
 2(2m)n2k0

cm.s.:p+qg=+/5(1;,0) = (p+q— k)2 =s5—2/sk°
0 = k2 = (k9)2 — |k|?2 = kOdk® = |k|d|K|

(K9)"—3dk0d2,, 1 . §5
0(s — 2+/s8k”) = dS2,,—
2(271')”_2 (S \/g ) 22n—3ﬂ-n—2 1

surface integral: 0 = scattering angle of quark

A, 1 = sin"30d0d2, » =2

5 [(p+ q—k)?]

dPS> =

r(2)

1
substitution: y = 5(1 + cos )

(1 — cos?6)=dcosf

dPSy =

1 /4m\€y (1 —y) ¢
(W)y( Y) dy 0<y<1
(1 —¢)

8m \ s




2 _ 02 2
parametrization: p = sTQ (1;0,0,1) q= (S @ :0,0 ) )

2\/5 2\/5 ' ) y 2\/5
pfzg(l;sine,ﬁ,cose) kz\/?g(l;—sine,f),—cose)
1— 2 §
= 5= ZQQ; tI—Q—(l—y); U:_Q_y
z z 4

1

. 42 o 4 o —t 4 o .

0FLg = @pupuw% = / dy 55422@ = 3 o 2z # 0| « finite
0

= 3 S - UWMU
6F 2y — S0F1, = 2‘?‘1‘ — 5+ 00

€ . —€ 2\ € 1
2o 2R (A dy y~ (1 —y)~ *
32r M(l-¢) \ Q2 .

\ {(1—6) <_iu+_7“)+2%+2e}

\ .

7

Ve

_ 1—2 Y (1—-y)z
_(1_6)( y _i_l—z)+2y(1—2)+2E

4 o 2(1—2)°T2(1—¢) [ 4mp? ‘
T 327 r(l—eo) r1-209\ 02 )~

Ha-o[ =+ sosama5) i Tt s

distributions:

(1_2)—1—62 ( 1 ) —|—5(1—Z) 1 dz’'
+

(1 — 2)l+e o (1 — 2)i+e

:_15(1_Z)+(11 ) _E(Iogl(l—z)> + o)
€ — 2/ 4 -z +

/aldz%:/aldz f(Zi:i(l)_/()alcizz )
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3 . a T(A-o [(4m®\ ([2 3,7 B
0F20 = 50FLa = Cr o (1 — 2¢) ( Q2 ) {[62 Tt 2} o(1-2)

_ (%—Hogz) <11-t22>+_|_(1-|-z2) (%)_F_g (1iz>+—|—3—z}

Altarelli—Parisi splitting functions:

1
1 2 1 /2
Pu(z) = Co it 2 51— 2) | dv op 1EZ
1—=z2 0 11—z

1 1 2 1 2
:»/ dz 1(2) qu<z>=/ dz Cp 2t [f(z)—f<1>]=/ dz Cp (1+ ) ()
0 0 1—=z2 0 1—2 n

(1422 2 3
_ qu(z)—CF(1_Z>+—C’F{(1_z)+—1—z—|—§(5(1—z)}

sum virtual 4 real:

SFJ1 = Fov + Foq

=" (WQ)GE -+~ log x| Py(a)+Cr 2 {(1+z2) (*=2).

M(1—-2¢) \ Q2 27 1—2z

3 1 9 w2
-3 (1_Z>++3+22— <5+?) 5(1—2)}

The crossed channel v*g — qq is of the same order in as and cannot be

distinguished from ~* — qg.

S
4=

y SEREEEabdhan et
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- s 1
5FL)g:TR Oé_ 42(1—2) |:TR:—i|
27

2
., T(1—¢ [4mp? ‘71 z Qs Qs
07 = Fa 29 < Q? ) [_E —lo9g —z] o P&+ T o0 (B2 =) =
Pyy(2) = Trlz* + (1 = 2)7]
1 1

1
luon-spin average: — =
J P T 2T 29

DIS structure function:

P, @) =22y e2 {[a0+ Gol ® 73" + 9o ® 737}

q
with the convolution:

1 1
fog= / dydz f(y) 9(=) 6z — 2) = / Z (%)
0 x

The remaining collinear singularities are removed by the renormalization

of the parton densities.

Renormalization of the parton densities [mass factorization]:

qo(z) = Fyq @ q(w, u2) + Fyg @ g(z, u%)

as — € T 2 ‘
F

purp = factorization scale of the parton densities

Pao(r) & dq(x, p2.)
2 o , . ) >
Fa—u% =0= o [qu ® q(z, pp) + Pog ® g(x,/,LF)} + MFW

+0(a3)

= q(x,ul%) is solution of the Alterelli—Parisi equations at LO.
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Result:

P, Q%) = 2x2e2[q<x 12) + d(e, 13)] + AF(z, Q%)

AP (z,Q )_QSC—Z / 0z CF ,,LLF> +Cj(g,u%>:| ¥

- qé(:) ‘g;+(1+ 2)(%>+—g( . >++3+22

9 s faq(2)
- <5+§) 5(1_2)_0—1:]

T 2 _qu(z) M%Z N1 Jag\R)
+TRQ(Z’MF)[ Tr |ogQ2(1_2)+82(1 =) -1 Tr

FL(Q},QQ) - F2($7Q2) — 2x Fl(:BaQQ)

1
s d
=2:1:§—7T E 63/95 f{CF [q <x,up)+q< ,up)]2z+TRg(§,u%) 42(1—2)}

PHYSICAL INTERPRETATION:
1.) natural factorization scale: MF Q>
2.) factorization scheme:
(i) MS scheme: f%_s(z) =0
(i) DIS scheme: Fs(z, Q?) = zxzeg 4z, @) + 3(x,Q?)]

q
= AF =0 [/J% = QQ]

= fDIS(z) = { 1+ 2Ioglz-|-(1-|— 2%) (%)jL_g(liz)jL

7'('2
43422 — <§+€) 5(1—2)}

_Z-|—8z(1—z)—1}

fDIS(2) = Tr {[z2 +(1-2)?log >
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FACTORIZATION THEOREM OF QCD

Partonic cross sections develop collinear divergen-
cies in the hadronic initial state that factorize uni-
versally [process-independent] from the hard scat-
tering process and can be absorbed in the renor-
malized parton densities of the initial state. These
renormalized parton densities are solutions of the
DGLAP equations.

35. Drell=Yan Processes

Production of elw. int. ’QA
particles in hadron coll.

pp— pTpT + X = -
pp — Wj:, Z + X . | /N

cxn: o(pip2 — ptp” + X)

1
= / A1 dalq(e1)3(w2) + 3(w)a(22)]15(ad — ptp—: 3)
q 0]

invariant energy: 3 = (py + p7)? = 2pepg = T1T2 * 2p1P2 = T1T258
1\2_  4ra? e2 4ma?
S (E +,7) = 2 — 4
parton cxn: o — = (—) —e, = ———
(@ — p ) N, "5 YT N 23

integration boundaries: 3 = x1x2s > (2m,,)?

4m

=N

T0
= T2 > —, X1 >T0=
T1 s

1 1 1
0=/ dr [Z/ dwl[ dxo[q(x1)q(x2) + q(x1)q(x2)]01(T — z122) |6(5 = T5)
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= / 3 [ o (2) +awa (7)) 579

dLad
0=/ dr g o(rs)
™ p dr

T “luminosity of g,q in hadron beams”

do dL99
4 _ 2
MML dM2 T 3N. T Z €q dr

2
M7,

S

Ty =

QCD corrections:

_ﬁ\cp 8

‘x";<":
M >;< i
T

Twfr | ey’ e

do 4o Ldr dLad as(u?)
4 E : 2 | S\"'R

1y 2d£ s (U7 1 Dyo(2) [Z:@]

2qu ﬂ.Q
Dy (2) = —P,(2) log Ve + Cr {2 [z - 2] 60(1 — 2)
my
+2(1 + 22) ('Ogl(l__ Z)> } — faq(2)
? +
22
Dyy(2) = —1 (2) 10g 5 ébf_ P - ZR(1 + 62— T72%) — fu,,(2)
w

dL91 L dx T T
= / e [q(:v,u%)g <—,u%) + g(z, uz)q <—,u%)}
T T T T T
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Remark: In complete analogy the following proces-
ses can be treated due to the factorization theo-
rem:

pip2 — ‘i/i, Z+ X

p1po — 0+ X

p1p2 —nj+ X

86. eT e~ — hadrons: total cxn

o

parton picture: ¢ 9 5
47TC¥ N 2
on — e
6’* 0 3s “q
=

i3
QCD: virt. corr. & Q
paatt
2 g
real corr. ¢ § e, “
_ e
e iEa RaL &
e 3 = 3
o = (14 6v+9r) oo
2\ €
Sy = Cpr(1+ ) (4”“) {—%_3—44—2#24—0(6)}
T S € ¢ 3

_ o am\' (1,3 19 2,
w = or2ra+o () {42+ 2 -2 o]

3
total cxn: o = <1 -+ —CF%> op = (1 = %> ole)
4 TT T
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o(ete™ — had) 5
R-value = . Rp=3
o(ete” — utpu-) "’ zq: K

R=Rp|[1+24 :cn(%yb for MS @ 2 = s
7T n>2 @
365 11 2
=" _11¢(3) - (== —Z¢(3) | Np ~ 1.986 — 0.115N
=222 11¢(3) (12 ¢ )) : ,
87029 1103 275
— _ 3) 4+ 22¢(5
= 288 4 (T B = (e’
7847 262 25 3 2
- - 2203) + 2¢(5) ) Nr 2.
216 0 0 e
151 19
195 w2 TR
+<162 27“ )> o T
1 55 5
——((2)(33 — 2Np)? == _Z¢(3
50233 - 28 40 (35 - 20(3) )
~ —6.637 — 1.200Nr — 0.005N2 — 1.240n

high precision determination of aS(M§ @ = 0.122 + 0.003

37. Jets in QCD

asympt. freedom: In the femto-universe d < 10712 cm strongly
interacting processes proceed as one quan-
tum processes on the level of quarks and
gluons. [— analogous to e and ~ in QED]

Jet hypothesis: Parton configurations built up in the femto-
universe transform at large distances d 2 1013
cm into bundles of hadrons with limited trans-
verse momentum p; S 500 MeV = jets

= jet analyses: tests of QCD in femto-universe
jet structure: determined by (non-)perturbative QCD
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(a) 0" order QCD: ete™ — qq

jet 1
+ ' q o ) energy flux tu-
@ A T be: spont. gqq Z
X @) §oT production = =
= ¢ break up of flux :
T | tube with small |
Dy jet 2
“SPEAR" -Jets

(b) gluon jets in eTe™ annihilation:

0 g

4
§/ acceleration of color charge
= radiation of gluonic gauge
quanta [~ ~ radiation off ac-
celerated charges]

qq kKinematics: z; =

wf72

with zg +z7 + x4 = 2
ngzgl
Tgtaxg=2—-—z242>1

Dalitz plot

pole for (¢+¢)° = (Q —§)° = Q° —2Q7 = Q*(1 — z3)
G+ 9)° = Q*(1 — x,) [Q =e¢T 4+ ¢ =+/5(1;0)]

2 2 —
T

| g coll. conf.
H q

- g
- g
— 1 — 0O infrared

Exp. development: Increase of energy =
e jets become broader
e Clear 3-jet events: PETRA-jets
«— visible QCD gauge quanta
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Lt '.\:""
g

b

EBERH= 17.50 CEV

DATE 16107780

Fig. 1117 A three-jet event observed by the JADE detector at FETRAL

Fig. 2% A two-jet events as observed at W = 35 GeV in the TASSO detector.
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e measurement of gluon spin:

1
Sg = 1= p1 ~ div. for x O, xg,x7 — 1
’ SR G T G o et
2
sg=0= po~ 7 finite for z, — 0O

(1 —zg)(1 — zg)

e measurement of gluon color:
4-jet events:

X = Z(FE12, F34) :

. (1 — 24 22)?

I E + 2(1 — z) cos 2y

99

{7 = %[zQ (1 - 2)7 — 2(1 - =) cos 2y

i “ o’ ? ..L%O
SU3 : 0° vs. U7 : 90°

e jet multiplicity:
fn(y) = fraction of events with n jets in final state:

an(y) =1
y = max. jet mass: M=, < ys
S\ o $\J
fn+o(y) = <§—) Zan(y) <(;—) = measurement of ag
T =0 T
EXx.: 2- and 3-jet distributions:
2 2
f3 :/ dzidzo 2 o R
(pitp;)3>ys 3 m (1—21)(1—22)
_ 2 [ Y 2 ¥ 5 g 202
=3 - [(3 6y)|091_2y—|—2|09 1_y—|—2 6y — Y

. y 72
+eua (7)) -5

, “d x
fo=1-fs Li@=-[ “Flog(l—y) =) = for|z| <1
o Y "
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TA550 Fig. 7.25

I T T I . . :

e e The cos® distribution of events
1,<039 with xl < 0.9. The solid line

and the dashed-dotted 1ine show

the distribution predicted for

vector gluons and scalar gluons

WECTOR

respectively. The predictions in-

= clude hadronization. For comparison
the prediction for a scalar gluon
on the parton level is shown in

40

30

Event Fraction (%)
b
==

ok
=

0

Fig. 7.24. The distributions are
normalized to the number of ob-

cos @ o
i served events. Bl = Blhie —Waa GfLL.QJ‘\
| I r vy i 1 | I L B I 4 K F i o
- L3 N

i QCh AL L

APl \ ® DATA

g g bor g oo b oaoq o4 b gy g9 I 3

0° 20°  40° 60° 80°

Fig. 3.11. Distribution in the Bengtsson-Zerwas angle at LEP. Figure from

ref. [26].

xBZ

79



100

OPAL it |

8 '____,_..-'l
[ E =91 GeV r____,«-“ 2jet |
S5 \ 7~ .
] ! . ¢ mxA 2-3-4-, 5-jet data
i 4 :
E e
i * QCD O(ad):
= Y — 2= 0017 E2 Aszs= 110 MeV
= N Edns A=230MeV 7
— N,
lu \ﬁ-
E ‘\'\-\‘
o 3jet |
d-jet T
(%, a :‘-".::;."':"-:'.l:tlf_z = L o
0.0 0.05 0.10 0.15
3'rizut

7. QCD fits to the jet rates at LEP, as measured by the OPAL collabo-
Figure from ref. [15].

30 |

10

FTTTTT]
FFIll][

£a
|
|

1/ do/dT

TTITTT]
WERET1

o
I

1

Fig. 3.9. The thrust distribution measured at LEP, showing data from the
DELPHI collaboration [22] for T < 0.98, together with predictions of scalar
gluon (dashed line) and vector gluon (solid line) theories.



[ L L L L L L L L IR L L L
9__ i [ 1 This analysis, 68% CL contour 1
oY | SO(3),E8 "
= 1y % QCD=SU(3) ~
0.8 - =
i SO(4) SU(2),SP(2)
0.6 - B
B G2 |
| SO(5).F4 . . |
04 | ° ]
e :

SU@); ™

0.2 = | -
: ----- ALEPH-1997 = OPAL-2001 :

O bt

1 1.26 1.5 1.75 2 225 25 2775 3 3.2

C,/C,

ALEPH

81



e Shape variables: thrust, sphericity, masses, C-parameter,. . .

D10 1d 2as | 2372 -3T+2 27T — 1
thrUStZszaxz‘ | 37 : —80 22 ( + )Og
it Z|7~| ocdl 3« T(1-1T) 1-T
3(3T—2)(2—T)}
1-T

2 jets: T'=1
2 _%—%{ spher.: T =

-
-

NN

qqg: T' = max x;

(c) jets in high-energy pp scattering at large transv. mom.

[ large p, in subsystem =- small
? T — Space-time distance for scatte-
\; ring process

Rutherford process: ¢q4+qg—q+¢q+qd—q+q >,m/1‘ i s
N
Compton scattering: g+ q9g—9g+q9q,9+q— g+ q
annihilation: g+q¢— g9+ g "T‘N" —/nE >,,,,§
| ) L | -l—f__m 4 ,
gluon fusion: g+ g — g+ q

\ A° 3 <°
gluon scattering: g+9g —g+g Mﬂ'%‘kg& +‘}{:’

e convolution with parton densities:

1 1
;l_jl(pﬁ_) jije+--0) = Z/ dw1f1($1,Q2)/ dx2 f2(x2, Q)
q,9 0 0

/d5(p1p2 — piph; § = z1x28) 6[A — A(pi)]

e detection of Rutherford scattering in quark-gluon sector:
do? 1

dcos sin* 4 (1 = cos6)?
__1+4cosé dcos 6 do'tt

1 —cos6 X (1 — cosh)? dx

strongly increasing for 6 — 0O

X

modulo: y-dependence in dof

Q?-dependence in as(Q?), quark densities
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(d) quarkonium decays

Zweig-allowed de-

~u-+~
po—i(ua—dcf) io—:b// my > 2m
V2 s i, P " cay = large width
\t,u\\ —

Zweig-allowed de-

my < 2mp cay not possible

T =bb (9460)

V=cz (3097) S OT:SP
@
Q

—

e leptonic decays: W — ete , utu~  [qq]

C ¢

¢ <
%&‘\ -
167a?

2
my,

MW —te) = Q2%|¢(0)|* [« positronium]

+2/3 17 1 wave func. @ origin [NR]
e hadronic decays: quarkonia for which Zweig-allowed de-
cays are impossible decay into gluons — jets at high energies
[T,...]
1=~ gg: lowest ortho-channel
[Yang]

annihilation distance: d ~ mél <1 fm = asympt. freedom
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Techn.: (W — ggg) = o(cc — ggg) X [UR\¢5(O)|2] 8 E]

Spin-average correction 7

160 a3 (M?)
= width: I = — —9
(QQ — ggg) = a1 (r? —9)—="—_ 2 Ve
W = (0.05 + 0.01) MeV

T = 0.04 MeV

65 (0) 7

quarkonia are very narrow resonances [« asympt. freedom]

Dalitz: 1 dFf 6 r2(1 — z1)% + 25(1 —x2)2—|—:c§(1 — x3)°
“dridr, 72—09 x%x%x%
jet energy: Ldr 2
- N x
M dxq !
in photon channel T — v 4 gg:
OéCV2 (8
partial width I/ ~ —3 ~ — Meas. Poss. small A
QL Qlg

S

color charge of gluons:

if ¢ were a U(1) gauge field the

5 3 dominant decay mode would be
Y\ @ ': : T — gvirt — qq
< o qQ = 2 jet final states = off

not observed = |C[g] # 0

85



“HiapoW sAOllEd ue pItEY FUSIIEIA3[ED ofle)-2TuUcy o paavdwos svon]d

T i -
usdaniaq i __.w s213ur pa13INIILUDIIL pur w- ._T t31432us wony¥
P3iInizfuedas *] A1tap1dyea ') 1smayy o suotingisasip 1crvawpaadey p ordpg

3
4z SO g 0
T T

I _rJ.!Hf L T T T T ..Il-n
_._— .// ...\.__._. Lx—
\ : /

/
/

~3|—

o /
al= e TR, 4 |
49 X i ... i e
:

=
L =]
~

-

XP/NP [H/L)

|
(

L¥ =]

....r._..._._.-.»..m...._

. |

ot Lo w0 o 90 g
W“.n.rr-__....f_.._._u_........_q..:rﬁ.

[, st N
% X

=
Il=I:l‘

-F

S
]
IP/4P (8]

Eopiay " X

| ST [ (R P o [ 2

. -uewukay - --. '
" wnwias __:Qh iy ¥ @ Hﬂﬂw m..w.m.-.—.n_ —_— AJuryasai :ﬁh W
. vonjE - f—— Panp I+
I [ N T S S 01 Lo [ AP TTI Er AP I




38. Soft Gluon Resummation

soft gluon radiation:

1d 2 ag 4 3
thrust: === ., Z%s)_ Iog(l—T)——}
ocdl’ T-1 37 1-T 1-T

singular for T' — 1 = multi-gluon radiation _

0
1 1da T 1do

e

a

T
- f(T)=1— / %3—; = 1-%% [Iog 1-T)+> Iog(l —T)]
+g (%) log*(1 — T) + 310g3(1 — T)] + 0(a3)
— exp {—%? [Iog (1-T)+4 = Iog(l — T)] } " o)
1do df(T) _ 20, 4 3
;d_Tle dT 37 {—1_Tlog(1— )_—}f(T)
df(T) _ 1do df (T)
daT W H(T) odl T—1  dT
W(T) = if{lleogu—THi}JrO(a?)

100

/6 do/dT

0.1
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1/6 do/dT

10
4 Q=M, o, (M,) =0.1146
10 | e '
g o, (2GeV) = 0.4883 1
I \
10 i I Col Col L ‘:7
0 0.1 0.2 0.3 0.4
1-T

2l PRELIMINARY

matching: [L =logy with y =1 —1T]

“1d .
R(Q)Z/ ;d—(;:l-l—a (91207 + g1l 4+ gio + e1(y)| = fF(1 - T)
0

with c1(y) — 0
y—0

R(y) — <1 + 910—) exp {% [912L2 + 911L] }—|—cl(y)% [“R—matching]

R(y) — exp{R(y) — 1} ["“log R—matching" ]

4
here:  gio = —3 g1 = —2
ldo  dR(y)

o dy o dy

(1-THRUST)

NNLL+NNLO + power corr. g
NNLL+NNLO — 4

-

EX RIS 1)
T T

DELPHI
reliminar
8.3-72.3

10

T ==

ALEPH data =

/N dN/d(1-THRUST)

E Energy Spread Correction

e =
¥
™T T

0 0025 0.05 0075 01 0125 015 0175 0.2 022< 0.25
1I-THRUST

(1—T) = 0.0685 + 0.0015 & 0.0012
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e QED: ete™ — Z

2
G(z) ~d6(1—2)+ ot [a11L + a10] + (%) [aQQLQ + ar1 L + ago] 4+ ..

3 2 2
all = 55(1 —z)+ =2, a0 = 2[¢(2) —1]0(1 — z) — a—2):
R(y) = /Oydy - Z—Z = 142 {2<L ~1)10g(1 =) + 2L +2((2) - 2}

_, ePlog(1-2) [1 _|_g <§L‘|‘2C(2) _2)] 4 ...
T\ 2

a(z) = Y _yyre) + - B=2%1L-1)
y=1—=z Q0
— B(1— 2y [1 £ @L +20(2) - 2)] S

= sSing. at z = 1 regularized by multi-soft-photon radiation
2.0

Fig. 6.5. Total cross section for

05} ete™ — s
----- Born approximation;
...... O(x) corrected 89
0 1 1 { ! 1 O(x*) corrected

920 925 930 935 940 94.5 950
/s /GeV



e QCD: Drell-Yan

1
o(m0) = Z/ dr (fi ® f) 0
i,j v 70

with f®g=/l% f(g)g(z)

i

_— Q° 2
Oi5 — 00 Pij Zaﬁaas(:u )

2 2
i ( <. asoﬂ)) ~ 61— 2) + O { F 09 % +2¢(2) - 4] 5(1—2)
% @ 2 %

2(1_4)2
+2 +---
l—=2
+

z — 1: soft region — Sudakov evolution equation:

dpgg
N-1

1
e Mellin-moments: (V) :/ dro 75~ o ()
0

2
5(N) = a0 32 FV + DEW + 15 (V. % 0,00 )

0]

2 Y
= Q T@ = W pgq
l0og"(1 — 2) . (=)t log" Tl N (N = Ne™)
11—z n n-+1

= lz—1— N —

Q* dq2 2

~ q = q

Pqg = EXP {/ —2W (N7 5 Oés(M2)> }
Q2 9 2

2
0

~ O 3 Q2 ~ [\7,1,62 1
pqa—1+cp?{Elog?+2<<2>—4+2logmog o +o(ﬁ)}



e general result after resummation and mass factorization:

Q2 2

o (M. G0 = ¢ (0@ x
llL N—1 (1sz)2Q2 d 2

exp { /O dzzl—‘l [2 / T Afas(@®)] + Dlas((1 — z>2Q2>]] }

_Z ) q2

5 2 as |3 Q? 2
C —Q,as(Q ) | =1+ Cpr— —|Og—2+4C(2)—4+27E + O(a3)
% T |2 %

M) =3 ()4 D=3 (%)
n=1 7T n=1 7T
Cr 67 5
AL = ¢ A@ =" o, ([Z= —¢(2)) = =N
I3 5 2\ 1g ¢(2) o NF
CrCy4 [ 1616 176
DM =0 D@ = T 4 560(3)+—¢(2
I > + 56 ¢(3) + 3 ¢(2)

CrNp (224 32
T 16 <27 3 6(2)>

e moments after integration:

o o
Gy =109 "2 = Lgi (V) + 92(0) + ~gs(V) + -+
s 33— 2N 153 — 19N
L=10gN X=boL by= L - F
- 12 24

A
g1(\) = bo—)\[2>\ + (1 —=2X\) log(1 — 2))]

A) Ay
72 1og(1 — 2)) + - L[2) +log(1 — 2))

0

g2(A) = =2

1 A®) A 2
+Z109%(1 —20\) | — —[2A + log(1 — 2)\)] 4+ —1log(1 —2)) log =
2 b2 bo 2
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e Mellin inversion:

Q2 1 o+ico e Q2
Pqq (ZaﬁaaS(MQ) — dN z NIOQ(? N,?,OAS(/LQ)

271 o—100

. . 7T
singularity at N = Ny, = exp{ 5 } [« Landau pole]
2boas(u?)
minimal presciption:
e N
1 >
! :
R S 7S - > p_Q/
\\)L
T T TrrTTT 12-IIIIIIIII]HII[IIIIIIII:C
L L -,‘_
i 1oL (@xpGpy ®F®)/(f®N /]
[ i
- i xf = )(O'S(I—X)3 /'i ]
L 8_— ]
_ 6f
i of
L 2 b
- /.77 0,=02, N,=4 -
I N 0||||
0 5 10 15 20 01 02 03 04 05 06
N X

92



C. QCD AT LARGE DISTANCES

31. Confinement Potential

non-perturbative region: integration via path integrals

QM: (z, t|zo, to) = (z|e HE)|z0)

- /Hdici<x‘e_iHe|fcn> <5Cn| T |$1><x1|6_iH€‘xO>

FT: (xa]le ¢z1) = (xa|e o o |-731> f
N / dp (w2le™ 5 |p) (p| 1)

~ /dp e—i;’—ie—l—ip(acz—xl)

RS

f
td t

2
~exp e (2T ~ exp {imea}Q} ~ exp {iel}
2 € 2

(x, t|zo, to) = /Dx e’ p’amplitude = sum over all
histories with weight e

QFT: (O[T {¢(2)é(x1)} |0) ~ / i dogr 5O

solution of integrals via Monte- Carlo methods:

[after Euklidisation t — —iz4: e — e 7]

L

0 ' A x

1.) simple integral: @W Ll
1

/ de f(x) =7 //

(i) choose z; randomly distributed; N points

(ii) calculate f(x;) = f;

1 1
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2.) importance sampling:

1
/ dx p(x)f(x) p significant only in small part of phase
0 space

A 1 1
1 g(...‘ I=/ dx [/ dy @(p(w)—y)] f(x)
IE .\ V0 0
: } (i) choose z; randomly; calculate p;
L% (ii) choose y; randomly; if p; > y; then
> calculate fi, 1 € Ny
A I~ 1
—I=5D f
iEN,

3.) high dimension, weight e~ 57 simple observable:
generate sequence of configurations {¢} with distribution
e~ °r: measure observable © over configurations:

<O>:ZO"/ZIL

Theorem: Starting from an arbitrary configuration and mo-
difying it in consecutive steps with conditional
probability P(C’,C) such that equilibrium — equili-
brium, e~ 5 =) " P(C’,0)e %, then the system

C

tends to equilibrium automatically.

. 1 for ' < S
Metropolis: P(C',C) = { e~ (5=5) for §'> S
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WILSON Loop

barbell operator: h = Q(y)eigsfr SO (2)

[gauge invariant] R
(0| 1" (T)h(0)[0) 2  dmii}
| |
| |
& —0

=) (0]e""h*(0)e " |n)(n|n(0)|0)

O

- * n 2€_E"T
—Enj|<0|h<0>| )| b anr

~ [{0]h(0)|(QQ)o)|2e ()T Epmin(R) = 2m + V(R)

= (0|Q4P43Q3 - Q2P21Q1|0) [Q; = external sources]

= /DG 0(0|Q4aP13Q3 - Q2P21Q1|0)g e % + O (l)
i L1 "

3
L___.Z — quark propagator in background field G

[7° (180 — gsGo) — m] S(z,y; G) = da(x — y)

— iS(iE, Y G) — @(xo _ y0)53(f— g»)e—im(mo_yO)e—igsL ds,G" o Pas
_ .

~V(R)T _ -S| integral solved
¢ /DGHP © | with MC methods ¢

EVALUATION of SU(3) without quark loops:

(i) matter fields defined on lattice points %

>
s,
i Q_,'
(ii) gauge fields defined on links Y %
Schwinger current j = ’QZ(CIZQ)eie‘I;l dy“G#w(axl) f

[non-local but gauge invariant] -~ L0 A

fields 95



G, — U, = "% — ¢4 |ink variable
compact version suggested by Bohm—Aharonov effect

[eiﬁﬁdy”A” — relevant variable]
Action:
—_ 1 4 2 1 4 . 2
S = -5 d*x TrG,, = -5 d"x Tr{0,G,—0,G,—igs[G ., Gu]}

1
— d*z Tr{0,G, — 90,Gy — i[Gy, G]}>
G.G=C—G 295

lattice: plaquette variable: Ug = HU { 1\

6 expansion up to 2nd order
S =— 1——ZTT[UD+Ué] — continuum action

93 S lattice-gauge invariant
MEASUREMENT:
ﬂ%m slope: V' in lattice units
- Fit ansatz: )
physical units: V(R) = —% + oR
‘ o= strlng tension
T v T e e e _ o Gis R
A T ET3 \ /o lattice units: aV = _R/a, + oa =
Fit: 0a® measured on lattice — /o ~ 400 MeV determined

acam,

as ~ 0.25 measured

measurement res. in qualitative agreement with expectation
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String tension:

V
!
(a) Richardson-potential: /“QR
/ Y (1)
1R
y 4 as(q?) y 127
S () = ——— as(q%) = -
G2 large } 3 q (33 —2Np)log 15
R small 4as(R) 127
V(R) ~ —2 as(R) = :
8
g2 small } V() ~ —$
q
R large V(R) ~ oR
interpolation: Richardson-potential
4  48n? 37 iqr
V(R) = —= ™ q e
3 33—-2Np ) (2m)3

o~ N

(b) Meson string rotator:

9 - dm = vadﬁ =

energy density
v
gluon tube [— =

2o

m :ﬂ_ﬂ'LO' om?
j==L% T = 5

C_Z} dj = bdp = bvdm = L?

Plog |1+ %
(400 MeV)?: quarkonium spectroscopy

adg odx
/1__2 ,/1_ \/1—332

mass, energy
ox2dx

V1-—z?

angular mom.

Chew—Frautschi plot: linear spin-mass? relation

o = (420 MeV)?

restauration of rotational invariance
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Fig. 7.34 Chew-Frautschi plat of nonstrange meson resonances, of / = 1 and spin, parity
and G-parity, S = 17%,2°7, 37" - .. The quantum numbers of only the first thres states
are known at present, the remainder having been plotted at the nearest integer spin value.
The masses of the 5, T, U, and X bosans are taken from Fig, 7.22.

* Positive panity /""
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Fig. 7.33 Chew-Frautschi plots of fermion Aegge trajectories. The trajectory marked A
consists of the sequence / =4 S = 0. and 4" = }*, 3*. LL* -~ .- that marked A of the
tequence / = 0, § = -1, J" = 1%, 37, 17 ---: and that marked L of the sequence / = 1,

§=-=1J"=4". 1.3 ---: resonances for which the spin-parity is not firmly established
are indicated by a question mark.
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§2. Chiral Invariance

—

operator transformations: ¢; = etaQ b e—i&é — ez'o‘zf &
flavor operator 7 T SUx gener.
0L og;  OL 5bi
0(0r¢;) 6o O(O+P;) bas

Q" = / B3 ()

Noether current: j, =

0L

o

oL .
Lagrangian invariant: — =0=90"j, =0= Q" =
aa
Uu
quantum flavordynamics: q = d

S
mass matrix: M;; = m;d;;

L= Z@j(i@ —mj)q; = q(i@ — M)q
J

(i) vector current: ¢ = g =7 = q e
L =gq [Za _ e—io_fTMeio_ZT} g~ L
Jp = quTq || Q" = / d3z ¢'T%
. | e N
divergence: 0"j, = ~5 = q[M,iT] q = (m; — mk)qurfqu
o
(ii) axial vector current: ¢ = 0T = o = g e

Je, = TuysTq || Qs = / &% q'vsT

divergence: d"js,, = qys {M,iT"} ¢ = (m; + my.) @51 7,9k
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e charge/current algebra for equal times [SUy x SUn]:

[Q(1), Q°(1)] = ifueQ°(t) |y = 995 _ / Bigt L e,

2 2

(Q5(1, Q8] = e () [ [Qi(1), QL(D] = i@ (1)
[Q(), QL(D)] = ifureQi(t) | [QL(1), QL] =0

independent of invariance status the charges Q¢, Q% fulfill the

Lie-Algebra above for equal times due to the kanonical com-

mutation rules.
CR: {q!, qigYer = 00363(Z — )
[T, T") = ifur T
e current conservation: (i) m; = my = 0*j;; = 0 [i.g. 0"jg , 7 O]
(i) m; = 0 = 9tjg, = O*j;;, = O [chirality]
chiral invariance: M — 0 = Q%, Q¢ conserved

— Heisenberg multiplets: ¢|0) — eid@ ¢ —idd ei&@|0> — eidl q|0)

N——
=|0)
Qs = i[H,QJs] =0
PP =Q PQsP~! = —Qs
parity: H|z) = m,|z) HQs|z) = m.Qs|z) = degeneracy
Plz) = |z) PQs|z) = —Qs|z)

= parity doublets
— Nambu realization: chiral SUy x SUxN spontaneously broken

10) — €9T7%|0) [vacuum not invariant]
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e condensate:
(i) Heisenberg: ¢99|0) = |0)

(O1FYI0) = (Ofe e § ¢~ a0eia® g o305 o)

— <62io7f'y5) N <O|7Za'¢b|0>
= (0]|0) =0
(if) Nambu: (0[F[0) = (€297) o (Oldutis/0)a

= (0|y)|0) 7%= 0 possible

Goldstone Theorem:

N = dimension of algebra belonging to the symmetry
group of the full Lagrangian

M = dimension of algebra that leaves vacuum invariant
after symmetry breaking

= there are N — M massless goldstones in the theory

EX.: SUQL X SUQR N =6 — SU2L+R M =3
"2
= 3 goldstones: 7%, 70 [u, d quarks] — ~2%

SU3p, X SUzp . N = 16—>SU3L_|_R .M =8

= 8 goldstones: 7+, 7%, K+, K° KO n
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33. PCAC Hypothesis

e Haag's theorem:
Let ¢ be an operator with the properties
(i) quantum numbers correct
(ii) 1(0]¢|1)|?> = 1 [normalization]
Then ¢ can be used as an effective field operator.
e pion field: (O|jgﬂ(a:)|7rb(p)> = i frple P?
= (0|Dg(0)|x"(p)) = (010"5,(0)|7"(p)) = frmz

Dg ()

fﬂ'm72r

= | pp(z) =

PCAC hypothesis:

Wherever the divergence of an axial vector current ap-
pears, it can be substituted by a 1—pion field. [Pion pole-
dominance]

Ex.: (i) Nucleon form factors:

?

AN

(P|jsu(0)|N) = ap [vuv594(q”) + quv594(a”)] un
= (P|Ds(0)|N) = iup [—2my 94(¢®) — ¢°94(d*)] 75 un
= iup D(q°)vsun
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el

1 SmD(q'?) #
2\ 12 q
bl = ™ /cut 4 g% — ¢?

A —— T
T [d%

D(¢?) = V2 grwr ——— fom2 (+ ) ~ —2my ga(@®)—ga ()

Since there is noqmassless hadron, gA cannot develop a pole

at ¢> =0

= —D(0) = | 2my ga(0) = V2 gvna(0) fr| (£10%)
Goldberger—Treimann relation

(i) QFD:

Sapfrmz = (0| Da (0)\7rb(p)> /d“a; e (9% 4+ m2)(0|T{D5(0) ¢, (x)}(0)

=i lim (m2 ) [ d ¢ OIT{DY0)6 () }HO)

p>—m?
2 .2
=i lim u/az“ac e~ (0|T{DE(0)8"5L (2)}|0)
p>—m? fﬂm% H
O"T{DE(0)78, ()} = T{D(0)9" g, (x)}+5(x°) |15, (x) DE(0) — DE(0) 80 ()]
2 _ 2 '
= Sapfem? =i lim T2 (jpr) / d*z e~ (0|T{Dg(0)58,(x)|0)
p—>m2 fﬁm% K
2 2
+i lim Zx TP

p*—mg fﬂ'mw x°=0

d*z e (0[[Dg(0), 72 (x)]|0)

2
PCAC: lim ~ lim  (upto 10%) [(p ~m2) 2 e o)
promi PO p? —m2
= Sapfrmiy = 7 —(0/[Q%, D2(0)]/0)

with Q& = / >z 52y (x)
x9=0
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Dg = 055, = (m; + my)qjivsTiqr = qivs{M,T"}q
Qs = / &% ¢'vsT"q Mi; = m;dij
2°=0
CR: [Q%, D2(0)] = —ig{T® {T* M}}q
= Sapfemz = —(0|g{T", {T", M}}q|0)

condensates: (0|q.qy|0) = 045(0|qaqa|0)

= Sapfrmi = —(0lau|0) Tr{T" {T", M}}

m; & my = Tr{T® {T% M}} ~ 5amek
k

frmz = — ka@u)o Gell-Mann/Oakes/Renner
k

fr from decay 7T — pTv,: fr = 94 MeV
= determination of quark masses and condensates
pion acquires mass through quark masses

(iii) generalization:

(510(0) |22, 7 (p)) 2 / d*e e 7" (0P +m2) (21| T{O(0) ¢ (2)}|22)

T{A(0)8,B"(x)} = 8,T{A(0)B"(x)} + 6(«°)[A(0), B (z)]
M2 2 |
= (21|0(0)[z2, 7%(p)) =i lim ﬁ—f {ip“/d4$ e """ (21|T{0(0)js, () }|22)

p _’m72r fﬂ'mﬂ'

—I—/d4:r: eiﬁ%(wo)(ml[@(O)J?,Lo(w)]l@)}

(21]0(0)|22, 7 (p)) = fi<z1\[0<0>,62%]|z2>
im =~ lim = m
p?—m? p,—0 with Q% :/ de ]go(:c)

x9=0

= soft-pion theorems
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34. Goldstone Theorem  [Nuovo Cimento 19 (1961) 15]

N = dimension of algebra belonging to the symmetry group of
the full Lagrangian

M = dimension of algebra that leaves vacuum invariant after
symmetry breaking

= there are N — M massless goldstones in the theory

Proof:
L(¢p,0¢) invariant under symmetry group
Noether currents conserved: 9,V#(x) =0

conserved charge: Q = >z vV°(0,7)
=0

= |[Q, 9] =T¢
symmetry broken: (0]|¢|0) = (¢) = v # 0
w, (k) = /d4:v e (0|[Vi(x), ¢]|0) fulfills:

symmetry condition: k,w(k) = 0

symmetry broken:
/dko wl(k%,0) = /d:cO/dko eikomo/d3f (O|[VO(z), $(0)]|0)
= 27(0[[Q, ¢]|0) = 27Tv # O

a=1,....M : T =20
a=M+1,... N:T%#0 =N-M
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spectral representation:
wu(k) = (21)* 3 {{0[Valn)(n|¢[0) da(k —pn) O(k%)

—(0]¢|n)(n|V,|0) da(k +pn) ©(—k")}

— Lorentz invariance: (O|V#|n) = f,ph

— positive energy spectrum: 1. sum: ©(k°%) = %[1 + €(k9)]
2. sum: ©(—k°) = %[1 (k)]
w, (k) = kufor (k2) + e(K%)o_(k2)]

7 (1) = S(2m)* 3 {01910} fu 8aC — pu) % (011} £ SaC + pu))

kawt(k)=0 = |k%0+(k®) =0

solution: o4+ (k?) = s+ 81(k?)
wu (k) = kulsy + s—e(k°)] 61 (k%)

/ dk® wO(k°,0) = 5_2/ dk® k0 51(k*) =s_ #0 (N —M)
—00 0

= |wu(k) = [s+ + s_e(k°)]61(k*) k,  with s_ # 0

— there are (N — M) states with p2 =0= |m =0

goldstones

g.e.d.
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